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1Abstrat
Courant algebroids, derived brakets and even sympleti supermanifolds
by
Dmitry Roytenberg
Dotor of Philosophy in Mathematis
University of California at Berkeley
Professor Alan D. Weinstein, Chair
In this dissertation we study Courant algebroids, objets that rst appeared in
the work of T. Courant on Dira strutures; they were later studied by Liu, Weinstein and
Xu who used Courant algebroids to generalize the notion of the Drinfeld double to Lie
bialgebroids. As a rst step towards understanding the ompliated properties of Courant
algebroids, we interpret them by assoiating to eah Courant algebroid a strongly homotopy
Lie algebra in a natural way.
Next, we propose an alternative onstrution of the double of a Lie bialgebroid as
a homologial hamiltonian vetor eld on an even sympleti supermanifold. The lassial
BRST omplex and the Weil algebra arise as speial ases. We reover the Courant algebroid
via the derived braket onstrution and give a simple proof of the doubling theorem of Liu,
Weinstein and Xu. We also introdue a generalization, quasi-Lie bialgebroids, analogous to
Drinfeld's quasi-Lie bialgebras; we show that the derived braket onstrution in this ase
also yields a Courant algebroid.
Finally, we ompute the Poisson ohomology of a one-parameter family of SU(2)-
ovariant Poisson strutures on S2. As an appliation, we show that these strutures are
non-trivial deformations of eah other, and that they do not admit resaling.
Professor Alan D. Weinstein
Dissertation Committee Chair
iii
To the memory of Nikolai Afanasievih Pravdin.
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1Chapter 1
Introdution
The rst example of a Courant algebroid appeared in the work of T. Courant [11℄
on Dira strutures. These strutures are a simultaneous generalization of pre-sympleti
and Poisson strutures; they appear in Dira's theory of onstrained mehanial systems. A
Dira struture on a manifold M is a subbundle L ⊂ TM⊕T ∗M that is maximally isotropi
with respet to the anonial symmetri bilinear form on TM ⊕ T ∗M , and whih satises a
ertain integrability ondition. To formulate the integrability ondition, Courant introdued
a bilinear skew-symmetri braket operation
[X + ξ, Y + η] = [X,Y ] + (LXη − LY ξ + 1
2
d(iY ξ − iXη))
on setions of TM ⊕ T ∗M ; the ondition is that the setions of L be losed under this
braket. As one an see, the Courant braket is ompletely natural, in the sense that it
does not depend on any additional struture for its denition, but it has rather ompliated
properties. In partiular, it does not satisfy the Leibniz rule with respet to multipliation
by funtions or the Jaobi identity. The defets in both ases are dierentials of ertain
expressions depending on the braket and the bilinear form; hene they disappear upon
restrition to a Dira subbundle. A Dira subbundle transverse to T ∗M is the graph of a
2-form ω, whereas one transverse to TM is the graph of a bivetor eld π; the integrability
ondition in this ase redues to the familiar dω = 0 (resp. [π, π] = 0). Dira strutures,
as well as the Courant braket above, were generalized in the ontext of formal variational
alulus by Dorfman [12℄.
The nature of the Courant braket itself remained unlear until several years later
when it was observed by Liu, Weinstein and Xu [31℄ that TM ⊕ T ∗M endowed with the
2Courant braket plays the role of a double objet, in the sense of Drinfeld [13℄, for a pair of
Lie algebroids over M . Lie algebroids are strutures on vetor bundles that ombine the fea-
tures of both Lie algebras and the tangent bundle, and inlude foliations, Poisson manifolds,
Lie group ations, Dira strutures and prinipal bundles as speial ases. Many dierential-
geometri and Lie-theoreti onstrutions arry over to Lie algebroids. For example, a pair
of Lie algebras on dual vetor spaes is alled a Lie bialgebra if a ertain ompatibility on-
dition between them is satised. Lie bialgebras are linearizations of Poisson-Lie groups and
semi-lassial limits of quantum groups; they also provide a tool for generating lassial inte-
grable systems [10℄ [13℄. Likewise, one denes a Lie bialgebroid to be a pair of Lie algebroid
strutures on dual vetor bundles satisfying a ompatibility ondition. Lie bialgebroids were
rst introdued by Makenzie and Xu [35℄ as linearizations of Poisson groupoids. Examples
of Lie bialgebroids for whih neither of the Lie algebroid strutures is trivial inlude Lie
bialgebras, Poisson manifolds and Poisson-Nijenhuis manifolds [26℄; Lie bialgebroids were
reently found to be the geometri struture behind the Classial Dynamial Yang-Baxter
equation [15℄ [6℄.
A very useful tool for studying Lie bialgebras is the Drinfeld double, whih is the Lie
algebra struture on the diret sum of the two dual Lie algebras onstituting the bialgebra,
uniquely haraterized by the requirement that the two Lie algebras be subalgebras and that
the anonial inner produt be ad-invariant. In fat, to nd Lie bialgebras, one looks for so-
alled Manin triples: a Lie algebra with an invariant inner produt, together with a pair of
omplementary isotropi subalgebras. Unfortunately, when one tries to onstrut a Drinfeld
double for a Lie bialgebroid, it quikly beomes lear that it annot be a Lie algebroid if it
is to satisfy the haraterizing property of the double. Instead, given a pair (A,A∗) of Lie
algebroids in duality, Liu, Weinstein and Xu [31℄ build a skew-symmetri braket on setions
of the diret sum A ⊕ A∗ similar to the Courant braket above. Then, they prove that if
(A,A∗) is a Lie bialgebroid, A ⊕ A∗ beomes a Courant algebroid, a notion they dene by
emulating the properties of the original Courant braket; onversely, they show that any
Courant algebroid whih admits a pair of transverse Dira subbundles (maximally isotropi
subbundles whose setions are losed under the braket) is of this form, thus extending the
theory of Manin triples to Lie bialgebroids.
In this dissertation we solve several of the problems posed in [31℄. First, the
properties of a Courant algebroid are rather ompliated; in partiular, there are anomalies
in the Jaobi identity and the Leibniz rule. We show that a Courant algebroid is a resolution
3of a Lie algebra. It is known [7℄ that resolutions of Lie algebras inherit the struture of a
strongly homotopy Lie algebra, also known as an L∞-algebra [28℄, though in a non-anonial
way. We onstrut an L∞-algebra expliitly out of the Courant algebroid; the anomalies
then appear as the struture identities. This work appeared in [37℄.
Next, it turns out that one an twist the braket in a Courant algebroid by adding
a symmetri term. The new operation, whih we denote by ◦ is, in general, not skew-
symmetri but all the anomalies disappear. This was onjetured in [31℄, and we supply
a proof. Sariing skew-symmetry has proved worthwhile: the equivalent denition of a
Courant algebroid we get is not only muh nier than the old one, but also more natural,
as it turns out. The Jaobi identity in the non skew-symmetri setting looks rather like a
Leibniz rule: it says that a ◦ · is a derivation of ◦. Suh strutures were studied by Loday,
under the name of Leibniz algebras [32℄, and by Kosmann-Shwarzbah [25℄, under the name
of Loday algebras. After the modiation, the original Courant braket beomes
(X + ξ) ◦ (Y + η) = [X,Y ] + (LXη − iY dξ).
This is the form used by Dorfman in [12℄. Very reently, evera [43℄ showed that this
Courant algebroid provides a natural geometri framework for studying the symmetries of
two-dimensional variational problems. We use the new denition in all that follows.
Next, in what we regard as the most important part of this work, we develop an
alternative approah to the onstrution of a Drinfeld double for Lie bialgebroids. It is
based on viewing Lie bialgebroids as homologial vetor elds on supermanifolds. To eah
pair of Lie algebroids in duality we assoiate a pair of odd self-ommuting hamiltonian
funtions on an even sympleti supermanifold (in fat, a otangent bundle) and prove
that the ompatibility ondition for a Lie bialgebroid is equivalent to the vanishing of the
Poisson braket of these two hamiltonians. The hamiltonian vetor eld of the sum is
then homologial, and we propose to all this sum the Drinfeld double. This approah was
suggested by the work of Kosmann-Shwarzbah [22℄ who arried it out for Lie bialgebras in
a purely algebrai language, without mentioning supermanifolds. However, supermanifolds
provide a natural framework even in this ase; moreover, the general ase annot be redued
to pure algebra or lassial geometry, so supermanifolds are unavoidable.
The advantage of this approah is its larity and simpliity. Moreover, several well-
known objets in homologial algebra arise in this setting. Thus, applying this onstrution
to the ation Lie algebroid assoiated to a Lie algebra ation on a manifold, we get the
4lassial BRST omplex [27℄, whereas applying it to the Lie bialgebroid assoiated to the
anonial linear Poisson struture on the dual of a Lie algebra yields the Weil algebra [4℄.
So far as we know, this is the only geometri onstrution of the Weil algebra to date.
To reover the Courant algebroid of Liu, Weinstein and Xu, we use the derived
braket onstrution of Kosmann-Shwarzbah [25℄: starting with a dierential Leibniz (in
partiular, Lie) superalgebra, it generates a new Leibniz superalgebra of the opposite parity.
In partiular, Poisson and Shouten brakets arise in this way. That Courant algebroids
may also arise in this way was rst suggested by Kosmann-Shwarzbah, who showed, in
a private disussion with the author, that if one onsiders the dierential Lie superalgebra
generated by exterior multipliations by 1-forms, ontrations by vetor elds and the de
Rham dierential, the derived braket one gets is the original Courant braket. What we do
here is a semilassial version of this, for an arbitrary Lie bialgebroid. The Lie superalgebra
struture is given by the Poisson braket on the even sympleti supermanifold, and the
dierential is the homologial hamiltonian vetor eld, the Drinfeld double. The derived
braket we get is preisely the (non skew-symmetri) Courant braket of [31℄. This enables
us to give a very simple proof of the doubling theorem of Liu, Weinstein and Xu mentioned
above.
1
Furthermore, using this approah we are also able to generalize the notion of a
quasi-Lie bialgebra, introdued by Drinfeld [14℄ and studied by Kosmann-Shwarzbah [22℄,
to the Lie algebroid setting simply by adding ubi terms to our hamiltonian, thus answering
another question posed in [31℄. This also gives a Courant algebroid via the derived braket
onstrution, thus answering in the armative the question of the existene of nontrivial
Courant algebroids whih do not ome from Lie bialgebroids. As a speial ase, we look
at exat Courant algebroids reently lassied by evera [43℄. The ubi term in this ase
is just the losed 3-form whose ohomology lass is the harateristi lass of the Courant
algebroid.
This thesis is organized as follows. In Chapter 2 we reall the notions of Lie
bialgebra, Lie bialgebroid and Courant algebroid and prove that Courant algebroids an be
onsidered as strongly homotopy Lie algebras; we then give a new denition of a Courant
algebroid based on the non skew-symmetri operation and prove its equivalene to the old
1
When this researh was arried out, we learned that the piture of Lie bialgebroids as a pair of Poisson-
ommuting hamiltonians on a sympleti supermanifold was also onsidered by A. Vaintrob who studied
representations of Lie algebroids; however, the relation with the Courant algebroids was not eluidated. Our
work is ompletely independent of his.
5one.
In Chapter 3 we develop the theory of Lie bialgebroids and quasi-bialgebroids
in terms of even sympleti supermanifolds, give the derived braket onstrution of the
Courant algebroid and re-prove the doubling theorem of Liu, Weinstein and Xu, generalizing
it also for quasi-bialgebroids.
In the nal Chapter 4, somewhat disjoint from the rest, we study a one-parameter
family of Poisson strutures on S2 ovariant with respet to the ation of SU(2) with its
standard Poisson-Lie group struture. We ompute the Poisson ohomology of these stru-
tures and show, as an appliation, that they do not admit resaling, and also that they are
non-trivial deformations of eah other.
Throughout this dissertation, a manifold will always mean a smooth real manifold,
and all vetor spaes, algebras, et. are over the eld of real numbers, unless otherwise
speied. The Einstein summation onvention is used onsistently.
6Chapter 2
Courant algebroids and strongly
homotopy Lie algebras
In this hapter we reall the denition of a Courant algebroid rst given in [31℄
and some of the results obtained therein. We then make the rst step toward explaining
the anomalies of Courant algebroids by showing that they an be onsidered as strongly
homotopy Lie algebras. This is essentially the ontent of [37℄. In the last setion we propose
an equivalent denition of a Courant algebroid whih has the advantage of being anomaly-
free (exept for lak of skew-symmetry), and will be useful in what follows. To begin, we
reall the notions of a Lie bialgebra, Lie algebroid and bialgebroid and give some examples.
2.1 Lie bialgebras
Denition 2.1.1. A Lie bialgebra is a vetor spae g together with a bilinear skew-
symmetri map µ = [·, ·] : ∧2g → g (the braket) and a linear map γ : g → ∧2g (the
obraket) suh that the following properties are satised:
• g together with [·, ·] is a Lie algebra;
• g∗ together with [·, ·]∗ = γ∗ : ∧2g∗ → g∗ is a Lie algebra;
• γ is a 1-oyle on the Lie algebra (g, µ) with values in the (exterior square of the)
adjoint module ∧2g, i.e.
γ([a, b]) = adaγ(b)− adbγ(a)
7holds for all a, b ∈ g.
One sometimes alls the pair (g, g∗) a Lie bialgebra with the underlying strutures
impliitly understood. Lie bialgebras are the innitesimal objets orresponding to Poisson-
Lie groups (see Appendix); they are also the semi-lassial limits of quantum groups (see
[10℄ for a thorough treatment and numerous examples).
Denition 2.1.2. Given a Lie bialgebra (g, g∗), its double (or Drinfeld double) is the vetor
spae diret sum g⊕ g∗ together with the braket
[X + ξ, Y + η] = ([X,Y ] + ad∗ξY − ad∗ηX) + (ad∗Xη − ad∗Y ξ + [ξ, η]∗) (2.1)
This braket is ompletely haraterized by the property that both g and g∗ be
subalgebras of g⊕ g∗ and that the anonial inner produt
〈X + ξ, Y + η〉 = ξ(Y ) + η(X) (2.2)
be ad-invariant; it satises the Jaobi identity if (g, g∗) is a Lie bialgebra. In fat, the
notion of a Lie bialgebra is equivalent to that of a Manin triple whih is a triple (p, p+, p−),
where p is a Lie algebra with an invariant symmetri bilinear form, and p+ and p− are
omplementary isotropi subalgebras. Manin triples abound in nature: for example, every
omplex semisimple Lie algebra gives rise to a Manin triple via the Iwasawa deomposition
(see [33℄).
2.2 Lie algebroids and bialgebroids
Denition 2.2.1. A Lie algebroid is a vetor bundle A → M together with a Lie algebra
braket [·, ·]A on the spae of setions Γ(A) and a bundle map a : A → TM , alled the
anhor, satisfying the following onditions:
1. For any X,Y ∈ Γ(A), a[X,Y ]A = [aX, aY ]
2. For any X,Y ∈ Γ(A), f ∈ C∞(M), [X, fY ]A = f [X,Y ]A + (a(X)f)Y
In other words, the setions of the bundle at on smooth funtions by derivations
via the anhor in suh a way that brakets at as ommutators, and the behavior of the
braket with respet to multipliation by funtions is governed by the Leibniz rule. Thus,
Lie algebroids are a straightforward generalization of the tangent bundle. They are also the
8innitesimal objets orresponding to Lie groupoids [34℄; when the base manifold is a point,
a Lie groupoid redues to a Lie group, while a Lie algebroid is just a Lie algebra.
A Lie algebroid struture on A→M gives rise to the following strutures, dual to
one another. The generalized Shouten braket is dened as the unique extension [·, ·]A of
the Lie braket on Γ(A) and the ation of Γ(A) on funtions to Γ(
∧∗A) suh that:
1. [X,Y ]A = −(−1)pq[Y,X]A, for X ∈ Γ(
∧p+1A), Y ∈ Γ(∧q+1A),
2. [X, f ]A = a(X)f for X ∈ Γ(A), f ∈ C∞(M),
3. For X ∈ Γ(∧p+1A), [X, ·]A is a derivation of degree p of the exterior multipliation
on Γ(
∧∗A).
One heks that this braket satises the graded Jaobi identity with respet to the grading
shifted down by one, and the resulting struture is a type of graded Poisson algebra alled
a Gerstenhaber algebra.
Dually, one gets a derivation dA of degree 1 on the graded ommutative algebra
Γ(
∧∗A∗), dened by a formula idential to the Cartan formula for the de Rham dierential:
dAω(X0, . . . ,Xp) =
∑p
i=0(−1)ia(Xi)(ω(X0, . . . , Xˆi, . . . ,Xp))+
+
∑
0≤i<j≤p(−1)i+jω([Xi,Xj ]A,X0, . . . , Xˆi, . . . , Xˆj , . . . ,Xp),
where ω ∈ Γ(∧pA∗), and satisfying d2A = 0. The spae Γ(∧∗A∗) thereby aquires the
struture of a dierential graded ommutative algebra. dA is uniquely determined by its
ation on C∞(M) and Γ(A∗):
dAf(X) = a(X)f
dAξ(X,Y ) = a(X)ξ(Y )− a(Y )ξ(X) − ξ([X,Y ]A)
(2.3)
It is lear that, onversely, the Lie algebroid struture is ompletely determined by either
dA (all the strutural identities are enoded in d
2
A = 0), or the generalized Shouten braket
[·, ·]A.
Many notions of the usual alulus on manifolds arry over without hange to
Lie algebroids. In partiular, for every X ∈ Γ(A) there is a ontration (interior derivative)
operator iX ating on Γ(
∧∗A∗) by derivations of degree −1, and the Lie derivative operator
LAX = [dA, iX ] ating by derivations of degree 0 (here [·, ·] denotes the superommutator).
9These derivations satisfy the usual (super)ommutation relations:
[dA, dA] = 0, [dA, L
A
X ] = 0, [dA, iX ] = L
A
X ,
[LAX , L
A
Y ] = L
A
[X,Y ]A
, [iX , iY ] = 0, [L
A
X , iY ] = i[X,Y ]A
(2.4)
Now suppose that we are given a pair (A,A∗) of Lie algebroids over M whih are in duality
as vetor bundles. Then the Lie algebroid struture of A indues a Shouten braket on
Γ(
∧∗A) and a dierential dA on Γ(∧∗A∗); on the other hand, from A∗ we get a Shouten
braket on Γ(
∧∗A∗) and a dierential dA∗ on Γ(∧∗A).
Denition 2.2.2. A pair (A,A∗) of Lie algebroids in duality is alled a Lie bialgebroid if
the indued dierential dA is a derivation of the Shouten braket [·, ·]A∗ on Γ(∧∗A∗).
Thus, Lie bialgebroids orrespond to dierential Gerstenhaber algebras [23℄. The
notion of a Lie bialgebroid is due to Makenzie and Xu [35℄ who studied them and the
orresponding global objets, Poisson groupoids (although the denition we quoted is an
equivalent one from [23℄). It an be shown that this notion is self-dual, i.e. if (A,A∗) is a
Lie bialgebroid, so is (A∗, A) (Corollary2.3.5 below).
Remark 2.2.3. Any Lie algebroid is a Lie bialgebroid with the zero anhor and braket on
the dual bundle.
Example 2.2.4. Let M be a manifold. Then its tangent bundle TM is a Lie algebroid
whose braket is the Jaobi-Lie braket of vetor elds, and the anhor is ρ = Id : TM →
TM . The orresponding extended braket is the (original) Shouten braket of multivetor
elds, while the dierential is just the de Rham dierential.
Example 2.2.5. Consider a (right) ation of a Lie algebra g on a manifold M , i.e. a Lie
algebra homomorphism ρ : g → X(M). This gives rise to a Lie algebroid struture on the
trivial bundle M × g → M whose anhor is given on onstant setions by ρ and extended
to all setions by linearity over C∞(M), while the braket of onstant setions is just the
braket in g taken pointwise, whih is then extended to all setions by the Leibniz rule. This
Lie algebroid is alled the ation Lie algebroid assoiated to ρ. If ρ is a left ation (a Lie
algebra antihomomorphism), then we must take −ρ as the anhor.
Example 2.2.6. If the base manifold M is a point, a Lie bialgebroid (A,A∗) over M is just
a Lie bialgebra (we shall see later that Denition 2.2.2 is equivalent to Denition 2.1.1 in
this ase).
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Example 2.2.7. LetM be a Poisson manifold with Poisson tensor π and the orresponding
bundle map π˜ : T ∗M → TM given by 〈π˜α, β〉 = π(α, β). Let A = TM , the tangent bundle
Lie algebroid, A∗ = T ∗M with anhor π˜ and the braket of 1-forms given by the Koszul
braket:
[α, β]A∗ = Lπ˜αβ −Lπ˜βα− d(π(α, β)) (2.5)
Then dA is the usual de Rham dierential of forms, dA∗ = [π, ·]A, where [·, ·]A is the Shouten
braket, and it is straightforward to verify that (A∗, A) is a Lie bialgebroid.
Detailed disussion and more examples of Lie bialgebroids and Gerstenhaber alge-
bras from geometry and physis an be found in [23℄,[24℄ and [26℄.
2.3 Courant algebroids
Denition 2.3.1. Given a bilinear, skew-symmetri operation [·, ·] on a vetor spae V , its
Jaobiator J is the trilinear operator on V :
J(e1, e2, e3) = [[e1, e2], e3] + [[e2, e3], e1] + [[e3, e1], e2],
e1, e2, e3 ∈ V .
The Jaobiator is obviously skew-symmetri. Of ourse, in a Lie algebra J ≡ 0.
Denition 2.3.2. A Courant algebroid is a vetor bundle E −→ M equipped with a non-
degenerate symmetri bilinear form 〈·, ·〉 on the bundle, a skew-symmetri braket [·, ·] on
Γ(E), and a bundle map ρ : E −→ TM suh that the following properties are satised:
1. For any e1, e2, e3 ∈ Γ(E), J(e1, e2, e3) = DT (e1, e2, e3);
2. for any e1, e2 ∈ Γ(E), ρ[e1, e2] = [ρe1, ρe2];
3. for any e1, e2 ∈ Γ(E) and f ∈ C∞(M), [e1, fe2] = f [e1, e2]+ (ρ(e1)f)e2− 12〈e1, e2〉Df ;
4. ρ◦D = 0, i.e., for any f, g ∈ C∞(M), 〈Df,Dg〉 = 0;
5. for any e, h1, h2 ∈ Γ(E), ρ(e)〈h1, h2〉 = 〈[e, h1]+12D〈e, h1〉, h2〉+〈h1, [e, h2]+12D〈e, h2〉〉,
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where T (e1, e2, e3) is the funtion on the base M dened by:
T (e1, e2, e3) =
1
6
〈[e1, e2], e3〉+ c.p., (2.6)
(.p. denotes the yli permutations of the ei's) and D : C∞(M) −→ Γ(E) is the map
dened by D = ρ∗d, where E is identied with E∗ by the bilinear form and d is the deRham
dierential. In other words,
〈Df, e〉 = ρ(e)f. (2.7)
Note. In our onvention, the bilinear form 〈·, ·〉 is two times the one in [31℄.
In a Courant algebroid E, a Dira struture, or Dira subbundle, is a subbundle
L that is maximally isotropi under 〈·, ·〉 and whose setions are losed under [·, ·]. It is
immediate from the denition that a Dira subbundle is a Lie algebroid under the restritions
of the braket and anhor.
Suppose now that both A and A∗ are Lie algebroids over the base manifoldM , with
anhors a and a∗ respetively. Let E denote their vetor bundle diret sum: E = A ⊕ A∗.
On E, there exist two natural nondegenerate bilinear forms, one symmetri and another
antisymmetri:
(X1 + ξ1,X2 + ξ2)± = (〈ξ1,X2〉 ± 〈ξ2,X1〉). (2.8)
On Γ(E), we introdue a braket by
[e1, e2] = ([X1,X2]A + L
A∗
ξ1
X2 − LA∗ξ2 X1 − 12dA∗(e1, e2)−)+
+ ([ξ1, ξ2]A∗ + L
A
X1
ξ2 − LAX2ξ1 + 12dA(e1, e2)−),
(2.9)
where e1 = X1 + ξ1 and e2 = X2 + ξ2.
Finally, we let ρ : E −→ TM be the bundle map dened by ρ = a+ a∗. That is,
ρ(X + ξ) = a(X) + a∗(ξ), ∀X ∈ Γ(A)andξ ∈ Γ(A∗) (2.10)
It is easy to see that in this ase the operator D as dened by Equation (2.7) is given by
D = dA∗ + dA
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The following results, whih we quote from [31℄, show that the notion of Courant algebroid
permits us to generalize the double onstrution to Lie bialgebroids:
Theorem 2.3.3. If (A,A∗) is a Lie bialgebroid, then E = A⊕A∗ together with
([·, ·], ρ, (·, ·)+) is a Courant algebroid.
Theorem 2.3.4. In a Courant algebroid (E, ρ, [·, ·], 〈·, ·〉), suppose that L1 and L2 are Dira
subbundles transversal to eah other, i.e., E = L1⊕L2. Then, (L1, L2) is a Lie bialgebroid,
where L2 is onsidered as the dual bundle of L1 under the pairing 〈·, ·〉.
An immediate onsequene of the theorems above is the following duality property
of Lie bialgebroids, whih was rst proved in [35℄ and then by Kosmann-Shwarzbah [23℄
using a simpler method.
Corollary 2.3.5. If (A,A∗) is a Lie bialgebroid, so is (A∗, A).
The theorems above are proved in [31℄ by rather laborious omputations; in the
next hapter we shall give a new, simple proof of Theorem 2.3.3 and Corollary 2.3.5.
Example 2.3.6. Given a manifold M , onsider TM with its standard Lie algebroid stru-
ture and T ∗M with zero anhor and braket. Then (TM,T ∗M) is a Lie bialgebroid, and
the double braket (2.9) redues to
[X1 + ξ1,X2 + ξ2] = [X1,X2] + (LX1ξ2 − LX2ξ1 + d(12 (ξ1(X2)− ξ2(X1))).
This is the braket originally introdued by Courant in [11℄. The anhor ρ in this ase is
the projetion to TM , and D = d, the deRham dierential.
Example 2.3.7. When M is a point, (A,A∗) is a Lie bialgebra and the braket 2.9 on E
beomes the famous Drinfeld double braket.
2.4 Strongly homotopy Lie algebras and Courant algebroids
Let V be a graded vetor spae. Let T (V ) denote the tensor algebra of V in
the ategory of graded vetor spaes, and let
∧
(V ) denote its exterior algebra in the same
ategory; i.e.
∧
(V ) = T (V )/ < v ⊗ w + (−1)v˜w˜w ⊗ v >, where v˜ denotes the degree
of v.
∧
(V ) has a natural Hopf algebra struture with the omultipliation ∆ :
∧
(V ) →∧
(V )⊗∧(V ) uniquely dened by the requirement that the elements of V be primitive (i.e.
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∆v = 1 ⊗ v + v ⊗ 1 for v ∈ V ) and that ∆ be a homomorphism of algebras (see [28℄ for
details).
Denition 2.4.1. A strongly homotopy Lie algebra (SHLA, L∞-algebra) is a graded vetor
spae V together with a olletion of linear maps lk :
∧k V → V of degree k − 2, k ≥ 1,
satisfying the following relation for eah n ≥ 1 and for all homogeneous x1, . . . , xn ∈ V :
∑
i+j=n+1
(−1)i(j−1)
∑
σ
(−1)σǫ(σ)lj(li(xσ(1), . . . , xσ(i)), xσ(i+1), . . . , xσ(n)) = 0, (2.11)
where σ runs over all (i, n − i)-unshues (permutations satisfying σ(1) < · · · < σ(i) and
σ(i+1) < · · · < σ(n)) with i ≥ 1, and ǫ(σ) is the Koszul sign (arising from the fundamental
onvention of supermathematis that a minus sign is introdued whenever two onseutive
odd elements are permuted) .
For n = 1 this means simply that l1 is a dierential on V ; for n = 2, l2 is a
superbraket on V of whih l1 is a derivation (equivalently, l2 :
∧2(V ) → V is a hain map
of omplexes); n = 3 gives the Jaobi identity for l2 satised up to hain homotopy given
by l3, and higher lk's an be interpreted as higher homotopies. The algebrai theory of
L∞-algebras is studied in [19℄ and [28℄ .
We shall write the equation (2.11) in the more suint equivalent form:
∑
i+j=n+1
(−1)i(j−1)ljli = 0, (2.12)
where we have extended eah li to all of
∧
(V ) as a oderivation of the oalgebra struture
on
∧
(V ). This aounts for the permutations and signs in (2.11).
We are interested in L∞-algebras for the following reason: it is shown in [7℄ that,
given a resolution (X∗, d) of a vetor spae H (graded or not), any Lie algebra struture on
H an be lifted to an L∞-algebra struture on the total resolution spae X with l1 = d.
The starting point of this onstrution is the observation that Lie brakets on H orrespond
to bilinear skew-symmetri brakets [·, ·] on X0 for whih the boundaries form an ideal
and the Jaobi identity is satised up to a boundary. This orrespondene is in no way
unique or anonial, as it requires a hoie of a homotopy inverse to the quasi-isomorphism
(X∗, d) → (H, 0)). But it is this braket [·, ·] on X0 that provides the starting point for
onstruting the SHLA struture on X, hene, if it is given, no hoie is required at this
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stage, and we need never mention H. We shall presently see that with Courant algebroids
we are in preisely this situation.
Let E be a Courant algebroid over a manifold M . We know from the denition
that the Courant braket on Γ(E) satises Jaobi up to a D-exat term. It turns out
that, moreover, Im(D) is an ideal in Γ(E) with respet to the braket. More preisely, the
following identity holds:
Lemma 2.4.2. For any e ∈ Γ(E), f ∈ C∞(M) one has
[e,Df ] = 1
2
D〈e,Df〉
Proof. Use axiom 5 in the denition of Courant algebroid with e = Df and arbitrary h1
and h2, and then ylially permute e, h1 and h2:
ρ(Df)〈h1, h2〉 = 〈[Df, h1] + 1
2
D〈Df, h1〉, h2〉+ 〈h1, [Df, h2] + 1
2
D〈Df, h2〉〉
ρ(h1)〈h2,Df〉 = 〈[h1, h2] + 1
2
D〈h1, h2〉,Df〉+ 〈h2, [h1,Df ] + 1
2
D〈h1,Df〉〉
ρ(h2)〈Df, h1〉 = 〈[h2,Df ] + 1
2
D〈h2,Df〉, h1〉+ 〈Df, [h2, h1] + 1
2
D〈h2, h1〉〉.
Now add the rst two identities and subtrat the third. Using Courant algebroid axioms 2,
4 and the denition of D, we get:
ρ([h1, h2])f = 〈Df, 2[h1, h2]〉+ 〈h1, 2[Df, h2]〉+ 〈h2,D〈Df, h1〉〉.
Using the denition of D again, we an rewrite this as:
0 = ρ([h1, h2])f + 〈h1, 2[Df, h2]〉+ ρ(h2)〈h1,Df〉 =
= ρ([h1, h2])f + 〈h1, 2[Df, h2]〉+ ρ(h2)(ρ(h1)f) =
= ρ(h1)(ρ(h2)f) + 〈h1, 2[Df, h2]〉 =
= 〈h1,D(ρ(h2)f) + 2[Df, h2]〉 =
= 〈h1, 2(1
2
D〈h2,Df〉 − [h2,Df ])〉.
The statement follows from the nondegeneray of 〈·, ·〉.
It will follow that we an extend the Courant braket to an L∞-struture on the total spae
of the following resolution of H = oker D:
· · · −→ 0 −→ X2 d2−→ X1 d1−→ X0 −→ H −→ 0, (2.13)
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where X0 = Γ(E), X1 = C
∞(M), X2 = kerD, d1 = D and d2 is the inlusion ι : kerD →֒
C∞(M). Remarkably, it turns out that, owing to the properties of Courant algebroids, the
hoies in the extension proedure an be made in a natural and simple way.
Let us x some notation: we will denote elements of X0 by e, elements of X1 by f
or g, and elements of X2 by c.
Theorem 2.4.3. A Courant algebroid struture on a vetor bundle E −→ M gives rise
naturally to a SHLA struture on the total spae X of (2.13) with l1 = d and the higher
struture maps given by the following expliit formulas:
l2(e1 ∧ e2) = [e1, e2] in degree 0
l2(e ∧ f) = 12 〈e,Df〉 in degree 1
l2 = 0 in degree > 1
l3(e1 ∧ e2 ∧ e3) = −T (e1, e2, e3) in degree 0
l3 = 0 in degree > 0
ln = 0 for n > 3
Proof. Starting with the Courant braket on X0, we shall, following [7℄, extend it to an l2
on all of X satisfying (2.12) for n = 2. The extension will proeed, essentially, by indution
on the degree of the argument: for eah degree l2 will be a primitive of a ertain yle
depending on the values of l2 on elements of lower degree. Higher lk's will be introdued
and extended in a similar fashion, as primitives of yles (using the ayliity of (2.13)).
The main work will onsist in alulating these yles, in partiular, showing that most of
them vanish; these omputations are mostly relegated to the tehnial lemmas of the next
setion. Step 1: n = 2. In degree 0, we are given l2(e1 ∧ e2) = [e1, e2]. Consider now an
element e ∧ f of degree 1. Then l2l1(e ∧ f) ∈ X0 is dened and is, in fat, a boundary by
Lemma 2.4.2:
l2l1(e ∧ f) = l2(l1e ∧ f + e ∧ l1f) = [e,Df ] = 1
2
D〈e,Df〉,
so we set l2(e ∧ f) = 12 〈e,Df〉 so that the SHLA identity (2.12) for n = 2,
l1l2 − l2l1 = 0, (2.14)
holds in degree 1. Now,
∧2(X)2 is spanned by elements of the form f ∧ g or c∧ e. As above,
l2l1 is dened on elements of degree 2, and is, in fat, a yle (f. [7℄). We have
l2l1(f ∧ g) = l2(l1f ∧ g − f ∧ l1g) = l2(Df ∧ g − f ∧ Dg) = 1
2
(〈Df,Dg〉+ 〈Dg,Df〉) = 0
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by Courant algebroid axiom 4, whereas
l2l1(c ∧ e) = l2(l1c ∧ e+ c ∧ l1e) = l2(ιc ∧ e) = −1
2
〈e,Dιc〉 = 0,
so we set l2(f ∧ g) = l2(c∧ e) = 0. Now observe that, sine l2 = 0 in degree 2, we an dene
l2 to be zero on elements of degree higher than 2 as well and still have (2.14). We have thus
dened an l2 that satises (2.14) by onstrution. Step 2: n = 3. In degree 0, by Courant
algebroid axiom 1 we have
l2l2(e1 ∧ e2 ∧ e3) = J(e1, e2, e3) = DT (e1, e2, e3),
where J is the Jaobiator. So we set l3(e1 ∧ e2 ∧ e3) = −T (e1, e2, e3), so that the homotopy
Jaobi identity identity (2.12) for n = 3,
l1l3 + l2l2 + l3l1 = 0, (2.15)
holds on
∧3(X)0 (as l1(X0) = 0). Consider now an element e1 ∧ e2 ∧ f ∈ ∧3(X)1 . The
expression (l2l2 + l3l1)(e1 ∧ e2 ∧ f) is dened and is a yle in X1 (f. [7℄), hene we an
dene l3(e1 ∧ e2 ∧ f) to be some primitive of this yle, so that (2.15) holds. But in our
partiular situation we in fat have (see the next setion for a proof):
Lemma 2.4.4. (l2l2 + l3l1)(e1 ∧ e2 ∧ f) = 0 ∀e1, e2, f .
Therefore, we an dene l3(e1 ∧ e2 ∧ f) = 0. Now observe that on elements of degree > 1 l3
has to be 0 beause deg(l3) = 1, whereas Xk = 0 for k > 2. We now have l3 dened on all
of
∧3(X) and satisfying (2.15) by onstrution. Step 3: n = 4 and higher. Proeeding in a
similar fashion, we look at the expression
(l3l2 − l2l3)(e1 ∧ e2 ∧ e3 ∧ e4) (always a yle in X1) and dene l4(e1 ∧ e2 ∧ e3 ∧ e4) to be its
primitive in X2, so as to satisfy (2.12). However, it turns out that (see the next setion for
a proof)
Lemma 2.4.5. (l3l2 − l2l3)(e1 ∧ e2 ∧ e3 ∧ e4) = 0 ∀e1, e2, e3, e4.
Hene we an set l4(e1 ∧ e2 ∧ e3 ∧ e4) = 0 and observe that l4 has to vanish on
elements of degree > 0 as deg(l4) = 2, while Xk = 0 for k > 2. By similar degree ounting,
all ln, n > 4, have to vanish identially. This nishes the proof modulo Lemmas 2.4.4 and
2.4.5.
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Remark 2.4.6. If the base M is a point, a Courant algebroid redues to a Lie algebra p with
an invariant inner produt; however, even though the dierential D is trivial in this ase
and all the anomalies vanish, the homotopy Lie algebra we get is not just a Lie algebra: in
addition to the Lie algebra braket there is also a trilinear operation T , the struture tensor
of the Lie algebra:
T (X,Y,Z) =
1
2
〈[X,Y ], Z〉
for X,Y,Z ∈ p.
2.5 Proofs of tehnial lemmas
Let (E, 〈, 〉, [·, ·], ρ) be a Courant algebroid over M . Given e ∈ Γ(E), f ∈ C∞(M),
we will denote ρ(e)f simply by ef , for short. Let us rst prove two auxiliary lemmas.
Lemma 2.5.1. The identity
T (e1, e2,Df) = 1
4
[e1, e2]f
holds in any Courant algebroid.
Proof. Using Courant algebroid axiom 2 and Lemma2.4.2, we have
T (e1, e2,Df) = 1
6
(〈[e1, e2],Df〉+ 〈[Df, e1], e2〉+ 〈[e2,Df ], e1〉) =
=
1
6
(〈[e1, e2],Df〉 − 1
2
〈D〈e1,Df〉, e2〉+ 1
2
〈D〈e2,Df〉, e1〉) =
=
1
6
([e1, e2]f − 1
2
e2(e1f) +
1
2
e1(e2f)) =
=
1
6
([e1, e2]f +
1
2
[e1, e2]f) =
1
4
[e1, e2]f.
Lemma 2.5.2. Given e1, e2, e3, e4 ∈ Γ(E), let
J = 〈J(e1, e2, e3), e4〉 − 〈J(e1, e2, e4), e3〉+ 〈J(e1, e3, e4), e2〉 − 〈J(e2, e3, e4), e1〉
K = 〈[e1, e2], [e3, e4]〉 − 〈[e1, e3], [e2, e4]〉+ 〈[e1, e4], [e2, e3]〉,
where J is the Jaobiator (f. Def 2.3.1). Then K+ 2J = 0.
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Proof. Using Courant algebroid axioms 1 and 5, we an rewrite J as follows:
〈J(e1, e2, e3), e4〉 = 〈DT (e1, e2, e3), e4〉 = e4T (e1, e2, e3) = 1
6
e4(〈[e1, e2], e3〉+ c.p.) =
=
1
6
(〈[e4, [e1, e2]] + 1
2
D〈e4, [e1, e2]〉, e3〉+ 〈[e1, e2], [e4, e3] + 1
2
D〈e4, e3〉〉) + c.p.
Expressing the other summands of J in this form and olleting like terms in the paren-
theses, we nd that the terms of the form 〈[ei, ej ],D〈ek, el〉〉 anel out, terms of the form
〈[ei, ej ], [ek, el]〉 add up to −4K, those of the form 〈[ei, [ej , ek]], el〉 add up to J, and nally,
terms of the form 〈D〈ei, [ej , ek]〉, el〉 add up to −3J after we use Courant algebroid axiom
1. Thus,
J =
1
6
(J− 3J− 4K),
and the statement of the lemma follows immediately.
Proof of Lemma 2.4.4. In the notation of the previous setion, we have, using Lemma 2.5.1
and Courant algebroid axiom 2:
(l2l2 + l3l1)(e1 ∧ e2 ∧ f) =
= l2(l2(e1 ∧ e2) ∧ f + l2(e2 ∧ f) ∧ e1 + l2(f ∧ e1) ∧ e2) +
+ l3(l1e1 ∧ e2 ∧ f + e1 ∧ l1e2 ∧ f + e1 ∧ e2 ∧ l1f) =
= l2([e1, e2] ∧ f + 1
2
〈e2,Df〉 ∧ e1 − 1
2
〈Df, e1〉 ∧ e2) + l3(e1 ∧ e2 ∧ Df) =
=
1
2
〈[e1, e2],Df〉 − 1
4
〈e1,D〈e2,Df〉〉+ 1
4
〈e2,D〈e1,Df〉〉 − T (e1, e2,Df) =
=
1
2
[e1, e2]f − 1
4
e1(e2f) +
1
4
e2(e1f)− 1
4
[e1, e2]f = 0
2
Proof of Lemma 2.4.5.In the notation of the previous setion we have
l2l3(e1 ∧ e2 ∧ e3 ∧ e4) = l2(l3(e1 ∧ e2 ∧ e3) ∧ e4 ± (3, 1) − unshuffles) =
= −l2(T (e1, e2, e3) ∧ e4 ± (3, 1) − unshuffles) =
=
1
2
〈DT (e1, e2, e3), e4〉 ± (3, 1) − unshuffles =
=
1
2
〈J(e1, e2, e3), e4〉 ± (3, 1) − unshuffles = 1
2
J.
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On the other hand,
l3l2(e1 ∧ e2 ∧ e3 ∧ e4) = l3(l2(e1 ∧ e2) ∧ e3 ∧ e4)± (2, 2) − unshuffles =
= −T ([e1, e2], e3, e4)∓ (2, 2) − unshuffles =
= −1
6
(〈[e1, e2], e3], e4〉+ 〈[e3, e4], [e1, e2]〉+ 〈[e4, [e1, e2]], e3〉)
± · · · = −1
6
(J+ 2K),
after olleting like terms. An appliation of Lemma 2.5.2 immediately yields l2l3 = l3l2.
2
2.6 Alternative denition of Courant algebroid
Denition 2.6.1. A Courant algebroid is a vetor bundle E →M together with a nonde-
generate symmetri bilinear form 〈·, ·〉 on the bundle, a bilinear operation ◦ on Γ(E), and a
bundle map ρ : E → TM satisfying the following properties:
1. e1 ◦ (e2 ◦ e3) = (e1 ◦ e2) ◦ e3 + e2 ◦ (e1 ◦ e3) ∀e1, e2, e3 ∈ Γ(E);
2. ρ(e1 ◦ e2) = [ρ(e1), ρ(e2)] ∀e1, e2 ∈ Γ(E);
3. e1 ◦ fe2 = f(e1 ◦ e2) + (ρ(e1) · f)e2 ∀e1, e2 ∈ Γ(E), f ∈ C∞(M);
4. e ◦ e = 12D〈e, e〉 ∀e ∈ Γ(E);
5. ρ(e) · 〈h1, h2〉 = 〈e ◦ h1, h2〉+ 〈h1, e ◦ h2〉 ∀e, h1, h2 ∈ Γ(E),
where D : C∞(M)→ Γ(E) is given by (2.7).
Notie that all the anomalies of Denition 2.3.2 are absent in this one, but the
skew-symmetri braket [·, ·] is replaed by a not neessarily skew-symmetri operation ◦.1
Property 1 above is to be interpreted as the Jaobi identity for ◦ in the sense that e ◦ · is
a derivation of ◦ for any e ∈ Γ(E);2 if ◦ is skew-symmetri, this is equivalent to the usual
1
This was rst proposed in [31℄, but the properties of this operation were then an open question; this
denition of a Courant algebroid was also used in a note of P. evera [43℄, without a proof of its equivalene
to the original one.
2
It looks more like a Leibniz rule; in fat, a vetor spae with a bilinear operation satisfying this property
was alled a Leibniz algebra by Loday [32℄, and a Loday algebra by Kosmann-Shwarzbah [25℄.
20
Jaobi identity. On the other hand, Property 4 is equivalent to saying, by a polarization
identity, that ◦ is skew-symmetri up to a oboundary, i.e. the symmetri part of it is D
of something. More preisely, we have
e1 ◦ e2 = [e1, e2] + 1
2
D〈e1, e2〉 (2.16)
for all e1, e2 ∈ Γ(E), where
[e1, e2] =
1
2
(e1 ◦ e2 − e2 ◦ e1) (2.17)
is the skew-symmetrization of ◦. We shall now prove that the new Denition 2.6.1 is equiv-
alent to the old Denition 2.3.2. We need a ouple of lemmas rst. The rst one is the
non-skew-symmetri version of Lemma 2.4.2.
Lemma 2.6.2. If (E, 〈·, ·〉, ◦, ρ) satises properties 2-5 of Denition 2.6.1, then ∀e ∈ Γ(E),
f ∈ C∞(M) one has
e ◦ Df = D〈e,Df〉
Df ◦ e = 0
Proof. Let h ∈ Γ(E) be arbitrary. Then, using Properties 2 and 5 we have
ρ(e)(ρ(h)f) = ρ(e)〈Df, h〉 = 〈e ◦ Df, h〉+ 〈Df, e ◦ h〉 =
= 〈e ◦ Df, h〉+ ρ(e ◦ h)f =
= 〈e ◦ Df, h〉+ ρ(e)(ρ(h)f) − ρ(h)(ρ(e)f)
Hene,
〈e ◦ Df, h〉 = ρ(h)(ρ(e)f) = 〈h,D〈e,Df〉〉
The rst statement follows by the nondegeneray of 〈·, ·〉. On the other hand, by (2.16),
Df ◦ e = Df ◦ e+ e ◦ Df − e ◦ Df = D〈e,Df〉 − D〈e,Df〉 = 0
Remark 2.6.3. Observe that the statement of Lemma 2.6.2 is equivalent to the statement of
Lemma 2.4.2 for the skew-symmetrization (2.17), in view of (2.16).
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Lemma 2.6.4. If (E, 〈·, ·〉, ◦, ρ) satises properties 2-5 of denition 2.6.1, then the expres-
sion
K(e1, e2, e3) = (e1 ◦ e2) ◦ e3 + e2 ◦ (e1 ◦ e3)− e1 ◦ (e2 ◦ e3)
is ompletely skew-symmetri in e1, e2, e3.
Proof. We have to show that K vanishes if any two of the entries oinide. But
K(e1, e1, e3) = (e1 ◦ e1) ◦ e3 + e1 ◦ (e1 ◦ e3)− e1 ◦ (e1 ◦ e3) = 1
2
D〈e1, e1〉 ◦ e3 = 0
by property 4 and Lemma 2.6.2. On the other hand,
K(e1, e2, e2) = (e1 ◦ e2) ◦ e2 + e2 ◦ (e1 ◦ e2)− e1 ◦ (e2 ◦ e2) =
= D(〈e1 ◦ e2, e2〉 − 〈e1, e2 ◦ e2〉) =
= D(〈e1 ◦ e2, e2〉+ 〈e2 ◦ e1, e2〉 − 〈e2,D〈e1, e2〉〉) =
= D(〈D〈e1, e2〉, e2〉 − 〈e2,D〈e1, e2〉〉) = 0,
where we have used properties 4 and 5 and Lemma 2.6.2. And nally,
K(e1, e2, e1) = (e1 ◦ e2) ◦ e1 + e2 ◦ (e1 ◦ e1)− e1 ◦ (e2 ◦ e1) =
= (e1 ◦ e2) ◦ e1 + (e2 ◦ e1) ◦ e1 + e2 ◦ (e1 ◦ e1)− (e2 ◦ e1) ◦ e1 − e1 ◦ (e2 ◦ e1) =
= D〈e1, e2〉 ◦ e1 −D〈e2 ◦ e1, e1〉+D〈e2, e1 ◦ e1〉 =
= −D(〈e2 ◦ e1, e1〉 − 〈e2, e1 ◦ e1〉) = 0,
just as in the previous alulation; we have used again properties 4 and 5 and Lemma
2.6.2.
We are now ready to prove the equivalene of the two denitions of Courant algebroid.
Proposition 2.6.5. Let (E, 〈·, ·〉, [·, ·], ρ) be a Courant algebroid in the sense of Denition
2.3.2. Let the operation ◦ be given by (2.16). Then (E, 〈·, ·〉, ◦, ρ) is a Courant algebroid in
the sense of Denition 2.6.1.
Conversely, let (E, 〈·, ·〉, ◦, ρ) be a Courant algebroid in the sense of Denition 2.6.1.
Let [·, ·] be the skew-symmetrization of ◦, as in (2.17). Then (E, 〈·, ·〉, [·, ·], ρ) is a Courant
algebroid in the sense of Denition 2.3.2.
Proof. It is not hard to show the equivalene of all of the properties, exept for the Jaobi
identity whih will take a bit more work. So we shall rst show the equivalene of properties
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2-5 for both denitions, and then prove the equivalene of the two versions of Jaobi using
Lemmas 2.6.2 and 2.6.4.
Now, in view of (2.16) it is obvious that Property 5 is equivalent for the two
denitions. Property 2 in the new denition implies immediately that ρ(e ◦ e) = 0 for all
e ∈ Γ(E), hene
[ρ(e1), ρ(e2)] = ρ(e1 ◦ e2) = ρ([e1, e2]),
and we have the old Property 2. Moreover, by the new Property 4,
0 = ρ(e1 ◦ e2 + e2 ◦ e1) = 1
2
D〈e1, e2〉 ∀e1, e2 ∈ Γ(E),
hene we have the old Property 4 (ρ◦D = 0) by the nondegeneray of 〈·, ·〉. Conversely, if
we start with the old denition, the new Property 4 is immediate by (2.16), while the old
Properties 2 and 4 ombine to give
ρ(e1 ◦ e2) = ρ([e1, e2] + 1
2
D〈e1, e2〉) = ρ([e1, e2]) = [ρ(e1), ρ(e2)],
the new Property 2.
As for the Leibniz rule, one has
e1 ◦ fe2 = [e1, fe2] + 12D〈e1, fe2〉 =
= [e1, fe2] +
1
2fD〈e1, e2〉+ 12 〈e1, e2〉Df
for all e1, e2 ∈ Γ(E), f ∈ C∞(M), hene it follows immediately that the new and old
Properties 3 are equivalent.
Now for the Jaobi identity. In view of (2.16), it is lear that one has
K(e1, e2, e3) = J(e1, e2, e3) +R(e1, e2, e3),
where K is as in Lemma 2.6.4, J is the Jaobiator (Def. 2.3.1), and
R(e1, e2, e3) =
1
2([D〈e1, e2〉, e3] + [e2,D〈e1, e3〉]− [e1,D〈e2, e3〉])+
+ 12D(〈e1 ◦ e2, e3〉+ 〈e2, e1 ◦ e3〉 − 〈e1, e2 ◦ e3〉).
To show the equivalene of the old and new Properties 1, we only need to show that
R(e1, e2, e3) = −DT (e1, e2, e3), where T is as in (2.6). But, by Lemma 2.4.2 and Remark
2.6.3,
1
2 ([D〈e1, e2〉, e3] + [e2,D〈e1, e3〉]− [e1,D〈e2, e3〉]) =
= −14D(〈D〈e1, e2〉, e3〉 − 〈e2,D〈e1, e3〉〉+ 〈e1,D〈e2, e3〉〉),
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whereas
1
2D(〈e1 ◦ e2, e3〉+ 〈e2, e1 ◦ e3〉 − 〈e1, e2 ◦ e3〉) =
= 12D(〈[e1, e2], e3〉+ 〈e2, [e1, e3]〉 − 〈e1, [e2, e3]〉)+
+14D(〈D〈e1, e2〉, e3〉+ 〈e2,D〈e1, e3〉〉 − 〈e1,D〈e2, e3〉〉)
by (2.16). Therefore,
R(e1, e2, e3) =
1
2D(〈[e1, e2], e3〉 − 〈[e3, e1], e2〉 − 〈[e2, e3], e1〉)+
+ 12D(〈e2,D〈e1, e3〉〉 − 〈e1,D〈e2, e3〉〉)
(2.18)
However, sine both J and K are ompletely antisymmetri (Lemma 2.6.4), so is R; there-
fore, R is equal to its skew-symmetrization. But it is obvious that the skew-symmetrization
of the rst term on the right hand side of (2.18) is −DT (e1, e2, e3), whereas the skew-
symmetrization of the seond term is easily seen to be zero. Hene
R(e1, e2, e3) = −DT (e1, e2, e3), and we are done.
Remark 2.6.6. Notie that the notion of a Dira subbundle remains unhanged when we
swith to the new denition of a Courant algebroid, thanks to (2.16), and that the restritions
of the two operations to any Dira subbundle are idential.
Example 2.6.7. Let (A,A∗) be a pair of Lie algebroids in duality, with anhors a and a∗,
respetively. Then on E = A⊕A∗ we dene
〈X + ξ, Y + η〉 = ξ(Y ) + η(X)
(X + ξ) ◦ (Y + η) = ([X,Y ]A + LA∗ξ Y − iηdA∗X)+
+ ([ξ, η]A∗ + L
A
Xη − iY dAξ)
ρ(X + ξ) = a(X) + a∗(ξ)
(2.19)
If (A,A∗) is a Lie bialgebroid, then by Theorem 2.3.3 and Proposition 2.6.5 (E, 〈·, ·〉, ◦, ρ) is
a Courant algebroid in the sense of Denition 2.6.1.
Example 2.6.8. As a speial ase of Example 2.6.7, onsider TM with its standard Lie
algebroid struture and T ∗M with the zero anhor and braket. Then on setions of TM ⊕
T ∗M the operation ◦ redues to
(X + ξ) ◦ (Y + η) = [X,Y ] + LXη − iY dξ (2.20)
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whose skew-symmetrization was originally onsidered by Courant in his study of Dira man-
ifolds [11℄. This Courant algebroid was also onsidered by P. evera [43℄ as the natural
geometri framework for two-dimensional variational problems.
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Chapter 3
The double of a Lie bialgebroid as a
homologial vetor eld on an even
sympleti supermanifold
We shall now present an alternative onstrution of the double of a Lie bialgebroid.
It is based on an interpretation of a Lie algebroid as an odd self-ommuting vetor eld on
a supermanifold, whih we then lift as a hamiltonian on its otangent bundle. Adding the
two hamiltonians oming from the dual Lie algebroids, we get a third one whih Poisson-
ommutes with itself if and only if the ompatibility ondition of a Lie bialgebroid is satised;
the orresponding hamiltonian vetor eld is interpreted as the Drinfeld double. As an
appliation, we show that the Weil dierential and the lassial BRST dierential arise
in this way. The Courant algebroid of Example 2.6.7 is reovered via the derived braket
onstrution; this allows us to give a simple proof of the doubling theorem of Liu, Weinstein
and Xu [31℄. Finally, we onsider quasi-Lie bialgebroids whih one gets by adding ubi
terms to the hamiltonian and show that exat Courant algebroids, reently lassied by
evera [43℄, arise in this way.
The starting point for us is a piture of Lie bialgebras due to Leomte, Roger and
Kosmann-Shwarzbah.
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3.1 An alternative piture of Lie bialgebras
There is an elegant way to express the struture relations of a Lie bialgebra by em-
bedding it into a larger spae endowed with a anonial Poisson superalgebra struture [29℄
[22℄. By viewing this onstrution from an appropriate angle we shall be able to generalize
it to Lie bialgebroids, obtain a new notion of the Drinfeld double and reover the old one.
Consider a Lie bialgebra (g, µ, γ) (see Denition 2.1.1); view the braket µ and the
obraket γ as elements µ ∈ ∧2g∗ ⊗ g and γ ∈ g∗ ⊗ ∧2g.
The basi idea is to embed µ and γ into the full exterior algebra ∧(g⊕g∗) = (∧g)⊗
(∧g∗), and take advantage of a natural Poisson superalgebra struture on this spae, dened
as follows. The ommutative superalgebra struture is given by the exterior multipliation,
whereas the (even) Poisson braket
{·, ·} : ∧k(g⊕ g∗)× ∧l(g⊕ g∗) −→ ∧k+l−2(g⊕ g∗)
(alled the big braket in [29℄ and [22℄, although it goes bak to [27℄) is uniquely determined
by the following properties:
• For any a, b ∈ g, {a, b} = 0;
• For any ξ, η ∈ g∗, {ξ, η} = 0;
• For any a ∈ g, ξ ∈ g∗, {ξ, a} = ξ(a) ;
• {·, ·} is skew-symmetri, i.e. for any e1 ∈ ∧k(g⊕ g∗), e2 ∈ ∧l(g⊕ g∗),
{e1, e2} = −(−1)kl{e2, e1}
• For every e ∈ ∧k(g ⊕ g∗), {e, ·} is a derivation of the exterior algebra ∧(g ⊕ g∗) of
degree k − 2.
In other words. {·, ·} is the unique extension of the anonial symmetri bilinear form 〈·, ·〉
on g ⊕ g∗ (2.2) to an even Poisson superalgebra struture on ∧(g ⊕ g∗): it is easy to show
that the super Jaobi identity
{e1, {e2, e3}} = {{e1, e2}, e3}+ (−1)kl{e2, {e1, e3}}
holds for all e1 ∈ ∧k(g⊕ g∗), e2 ∈ ∧l(g⊕ g∗), e3 ∈ ∧m(g⊕ g∗).
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Using this operation, it an be shown without diulty that (g, µ, γ) is a Lie
bialgebra if and only if
{µ, µ} = {γ, γ} = {µ, γ} = 0. (3.1)
Here {µ, µ} = 0 (resp. {γ, γ} = 0) is equivalent to the Jaobi identity for [·, ·] (resp. [·, ·]∗,
while {µ, γ} = 0 is equivalent to the oyle ondition. The brakets [·, ·] and [·, ·]∗ an be
reovered by the formulas
[a, b] = {{µ, a}, b}
[ξ, η]∗ = {{γ, ξ}, η}
(3.2)
where a, b ∈ g, ξ, η ∈ g∗. Furthermore, if we set θ = µ+ γ, then (3.1) is equivalent to
{θ, θ} = 0, (3.3)
and if e1, e2 ∈ g⊕ g∗ ⊂ ∧(g⊕ g∗),
[e1, e2] = {{θ, e1}, e2} (3.4)
is preisely the Drinfeld double braket on g ⊕ g∗ (2.1): it is skew-symmetri, sine the
symmetri part is proportional to {θ, {e1, e2}} whih is zero beause {e1, e2} ∈ R; it is easy
to see from (3.2) that g and g∗are subalgebras, and that the anonial inner produt 〈·, ·〉 is
ad-invariant; therefore, it must oinide with (2.1). The Jaobi identity is a onsequene of
(3.3).
From the point of view of [22℄, the main advantage of this approah is that it aords
an elegant treatment of Drinfeld's quasi-Lie bialgebras, a generalization of Lie bialgebras in
whih the Jaobi identity for one of the brakets is satised only up to a oboundary. This
amounts to adding a φ ∈ ∧3g or ψ ∈ ∧3g∗ (or both) to θ so that θ still satises (3.3). Note
that the double (3.4) is still a Lie algebra, even though g or g∗ are not.
For our purposes, however, the hief value of this approah is that it generalizes to
Lie bialgebroids, if interpreted orretly; this will be our next order of business.
3.2 Lie algebroids revisited
As a naive attempt to generalize the above onstrution to Lie algebroids, we might
try, given a vetor bundle A→M , to onsider the exterior algebra Γ(∧(A⊕A∗)) and build
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the big braket {·, ·} on this spae from the anonial inner produt 〈·, ·〉 on A ⊕ A∗ (see
Example 2.6.7), as above. However, one quikly realizes that this is not enough to enode
a Lie algebroid struture on A or A∗. First, the anhor: a : A → TM an be viewed as a
setion of A∗ ⊗ TM , so there is no room for it in Γ(∧(A⊕A∗)); on the other hand, the Lie
algebroid braket (say, on Γ(A)) an no longer be viewed as a setion of
∧2 A∗ ⊗ A, sine
it is not linear over C∞(M) unless a is trivial. Furthermore, the strutural identities of a
Lie algebroid (e.g. the Jaobi identity) are not algebrai but dierential equations, so they
annot be enoded by {·, ·} whih is C∞(M)-linear. Thus it is lear that we need a bigger
spae with an even Poisson superalgebra struture in whih (Γ(
∧
(A ⊕ A∗)), {·, ·}) an be
embedded. In order to nd this spae, we must shift our point of view from an algebrai to
a geometri one and use the language of supermanifolds.
Reall from Chapter 2 that a Lie algebroid struture on a vetor bundle A over M
is equivalent to a derivation dA of the exterior algebra Γ(
∧
A∗) of degree one and square
zero. Just as above, we will view Γ(
∧
A∗) as the algebra of funtions on the supermanifold
ΠA, where Π here denotes the hange of parity funtor applied to eah bre (see Appendix).
If {xi}i=1,... ,dimM is a oordinate hart on U ⊂ M , and {ea}a=1,... ,rkA is a loal basis of
setions of A∗ over U (dual to a basis {ea} of setions of A), denote by ξa the orresponding
generators of the Grassman algebra Γ(U,
∧
A∗); then {(xi, ξa)} give a oordinate hart on
ΠA with the transformation law inherited from the vetor bundle A∗. The derivation dA
an then be viewed as an (odd) vetor eld on ΠA, satisfying
[dA, dA] = 2d
2
A = 0, (3.5)
where the braket denotes the (super)ommutator. Suh vetor elds are alled homologial
for an obvious reason. This motivates the following
Denition 3.2.1. A Lie algebroid struture on a vetor bundle A→M is the supermanifold
ΠA together with a homologial vetor eld dA of degree 1.
Remark 3.2.2. This interpretation of Lie algebroids was proposed by Kontsevih [20℄ and
Vaintrob [39℄. It is important that dA be of degree 1 with respet to the natural Z-grading
on funtions on ΠA, rather than merely be odd, in order to dene a Lie algebroid struture
on A. Arbitrary odd homologial vetor elds on supermanifolds lead to strongly homotopy
Lie algebras [3℄.
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In loal oordinates, we have, aording to the Cartan formula (2.3),
dA = ξ
aAia(x)
∂
∂xi
− 1
2
Ccab(x)ξ
aξb
∂
∂ξc
(3.6)
where
a(ea) = A
i
a(x)
∂
∂xi
[ea, eb]A = C
c
ab(x)ec
are the loal expressions for the anhor and the braket on the Lie algebroid A. Similarly,
a Lie algebroid struture on the dual bundle A∗ is equivalent to a homologial vetor eld
dA∗ on the supermanifold ΠA
∗
given in loal oordinates (xi, θa) by
dA∗ = θaA¯
ai(x)
∂
∂xi
− 1
2
C¯abc (x)θaθb
∂
∂θc
(3.7)
where
a∗(e
a) = A¯ai(x) ∂
∂xi
[ea, eb]A∗ = C¯
ab
c (x)e
c
are the loal expressions for the anhor and the braket on A∗.
3.3 The otangent bundle
One in a supermathematial frame of mind, one immediately realizes that the
exterior algebra ∧(g ⊕ g∗) is to be interpreted as the algebra of funtions on the (purely
odd) superspae Π(g⊕ g∗). The ruial observation, however, is that Π(g⊕ g∗) is naturally
isomorphi to the otangent bundle T ∗Πg, while the big braket {·, ·} is nothing but the
anonial sympleti Poisson braket on T ∗Πg. Indeed, if {ea}a=1,... ,dimg is a basis of g,
{ea} the dual basis, denote by {θa} the orresponding generators of the Grassman algebra
∧g = C∞(Πg∗), and {ξa} the orresponding generators of ∧g∗ = C∞(Πg). Then the θa
an be viewed as the momenta onjugate to the Grassman oordinates ξa on Πg, and the
dening relations of the big braket (Setion 3.1) an be rewritten as
{ξa, ξb} = 0; {θa, θb} = 0; {ξa, θb} = δab
whih one immediately reognizes as the anonial Poisson brakets between oordinates and
momenta on T ∗Πg. This braket is nondegenerate and even, in the sense that the braket
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of two Grassman polynomials of parity ǫ1, ǫ2 ∈ Z2 is of parity ǫ1 + ǫ2; the orresponding
sympleti 2-form is
ω = dθadξ
a
Thus, T ∗Πg is an even sympleti supermanifold (see Appendix). This is ompletely anal-
ogous to the anonial sympleti struture on T ∗V ≃ V ⊕ V ∗, where V is a vetor spae,
exept now the Poisson braket on linear funtions (whih are odd) is symmetri rather than
skew-symmetri; in fat, the matrix of ω oinides with the matrix of 〈·, ·〉 (2.2) in the basis
{ea, eb} of g⊕ g∗. The advantage of this point of view is that it generalizes immediately to
vetor bundles.
Just as in the purely odd or even ase, given any supermanifold Q, its otangent
bundle T ∗Q is an even sympleti supermanifold. If {xα} is a oordinate hart for Q, the
orresponding Darboux hart for T ∗Q is {xα, x∗α}, where x∗α is of the same parity as xα and
the anonial Poisson brakets are given by
{xα, xβ} = 0; {x∗α, x∗β} = 0; {x∗α, xβ} = δβα (3.8)
Any vetor eld v on a Q gives rise to a brewise-linear funtion hv on the otangent bundle
T ∗Q in an obvious manner: in loal oordinates, if v = vα(x) ∂
∂xα
, then hv = v
α(x)x∗α in
the orresponding Darboux oordinates on T ∗Q. This is well dened sine the momenta x∗α
transform in the same way as the derivations
∂
∂xα
under hanges of oordinates on Q. This
hamiltonian lift has the following properties:
Lemma 3.3.1. Let v,w be vetor elds on Q, f ∈ C∞(Q), and let π : T ∗Q → Q denote
the anonial projetion. Then
1. {hv , π∗f} = π∗(vf)
2. {hv , hw} = h[v,w]
Proof. This is best done by diret omputation in loal oordinates, just as for ordinary
manifolds. (1) is obvious by (3.8) and the denition of hv , whereas for (2) we an easily
dedue from (3.8) that
{hv , hw} = {vα(x)x∗α, wβ(x)x∗β} =
= (vα ∂w
β
∂xα
− (−1)v˜w˜wα ∂vβ
∂xα
)x∗β = h[v,w],
where v˜ denotes the parity of the vetor eld v.
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Now let Q = ΠA, and let µ = hdA ∈ C∞(T ∗ΠA). Then by Lemma 3.3.1 and (3.5) we
immediately get
{µ, µ} = 0 (3.9)
The formula (3.6) leads to the following loal expression for µ:
µ = ξaAia(x)x
∗
i −
1
2
Ccab(x)ξ
aξbξ∗c (3.10)
Thus, a Lie algebroid struture on A gives rise to an odd linear funtion µ on T ∗ΠA satisfying
{µ, µ} = 0, but how do we haraterize those that ome from Lie algebroids? Two remarks
are in order.
Remark 3.3.2. Unless the bundle A → M is trivial, the supermanifold T ∗ΠA is not of the
form ΠV in any natural way, where V is some vetor bundle over T ∗M , the support (even
part) of T ∗ΠA. That is to say, there is no anonial projetion from T ∗ΠA to T ∗M and a
natural Z+-grading on C
∞(T ∗ΠA) induing the Z2-grading and respeting the projetion.
The reason is that under the natural berwise linear oordinate hanges
xi = xi(x′)
ξa = T aa′(x
′)ξa
′
on ΠA the momenta transform by
x∗i =
∂xi
′
∂xi
(x(x′))x∗i′ +
∂Ta
′
b
∂xi
(x(x′))T bb′(x
′)ξb
′
ξ∗a′
ξ∗a = T
a′
a (x(x
′))ξ∗a′
so the total degree in the odd variables (ξa, ξ∗b ) is not preserved beause of the seond term
in the transformation law for x∗i . Beause of this fat, our onstrutions annot be reast
in the lassial framework of manifolds and vetor bundles - one annot get around using
supermanifolds.
Remark 3.3.3. Nevertheless, there are three Z+-gradings on berwise-polynomial funtions
on T ∗ΠA whih are preserved under the natural transformations above. The rst one, whih
we denote by ǫ, exists by virtue of the fat that T ∗ΠA is a vetor bundle over ΠA - it is
simply the berwise degree, i.e the total degree of a polynomial in the momenta (x∗i , ξ
∗
a); the
seond, δ, is the total degree of a polynomial in (x∗i , ξ
a). These gradings are not ompatible
with the Z2-grading (parity), sine the even variables x
∗
i have ǫ(x
∗
i ) = δ(x
∗
i ) = 1, but their
sum κ is. The total grading κ assigns degree 2 to x∗i and degree 1 to ξ
a
and ξ∗a. Those
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funtions µ that ome from Lie algebroid strutures on A an be haraterized by their
(ǫ, δ)-bidegree, namely,
ǫ(µ) = 1; δ(µ) = 2; κ(µ) = 3
The Poisson braket {·, ·} has (ǫ, δ)-bidegree (−1,−1), and hene total κ-degree −2.
Similarly, a Lie algebroid struture on the dual bundle A∗ gives rise to a linear
funtion γ = hdA∗ on T
∗ΠA∗ satisfying {γ, γ} = 0. By (3.7), it is given in loal oordinates
(xi, θa, x
∗
i , θ
a
∗) by
γ = θaA¯
ai(x)x∗i −
1
2
C¯abc (x)θaθbθ
c
∗ (3.11)
Sine a priori the funtions µ and γ live on dierent manifolds, it seems unlear at this
point how to express the ompatibility ondition between them in ase (A,A∗) is a Lie
bialgebroid. It is also not lear how to express the Shouten brakets [·, ·]A and [·, ·]A∗ in
this formalism. Fortunately, it turns out that the supermanifolds T ∗ΠA and T ∗ΠA∗ are
anonially sympletomorphi, via the Legendre transform.
3.4 The Legendre transform
The Legendre transform is widely known in lassial mehanis for its ruial role
in providing a transition from the Lagrangian to the Hamiltonian formalism. Reall that
if M is the onguration spae of a lassial mehanial system, l = l(q, q˙) ∈ C∞(TM)
the Lagrangian funtion, then the dynamis of the system are given by the Euler-Lagrange
equations
∂l
∂qi
(q(t), q˙(t))− d
dt
∂l
∂q˙i
(q(t), q˙(t)) = 0
satised by a lassial trajetory q = q(t). Then one introdues the momenta pi ∈ C∞(T ∗M)
by
pi =
∂l
∂q˙i
(q, q˙)
Suppose the Lagrangian l is strongly nondegenerate in the sense that the above equations
have a unique solution q˙i = q˙i(q, p). Then one an dene the Hamiltonian funtion h =
h(q, p) ∈ C∞(T ∗M) as the Legendre transform of l, i.e.
h(q, p) = q˙ipi − l(q, q˙)
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where we substitute q˙i = q˙i(q, p). The Euler-Lagrange equations are equivalent to Hamilton's
equations
dqi
dt
=
∂h
∂pi
;
dpi
dt
= − ∂h
∂qi
In 1977, W.M. Tulzyjew [38℄ gave a geometri interpretation of the Legendre transform
as a anonial sympletomorphism between the otangent bundles T ∗(TM) and T ∗(T ∗M).
It turns out that in Tulzyjew's onstrution one an replae TM with an arbitrary vetor
bundle A or a supermanifold ΠA. We shall now desribe this onstrution.
Let P be manifold, Q ⊂ P a submanifold, f ∈ C∞(Q). This data gives rise to a
Lagrangian submanifold of L ⊂ T ∗P as follows:
L = {ξ ∈ T ∗P |πP (ξ) = x ∈ Q; ξ(v) = df(v) ∀v ∈ TxQ},
where πP denotes the anonial projetion T
∗P → P . If f = 0, L is just the onormal
bundle to Q; if Q = P , L is just the image of df .
We are interested in the following speial ase. Let A be the total spae of a vetor
bundle A → M , A∗ that of the dual bundle. Consider their bre produt, i.e. the total
spae of the Whitney sum Q = A⊕A∗ ⊂ A×A∗ = P . On Q, there is a anonial evaluation
funtion f = −ev ∈ C∞(Q) given by f(v, ξ) = −v(ξ). This gives rise to a Lagrangian
submanifold L ⊂ T ∗(A×A∗) ≃ T ∗A×T ∗A∗, where the bar denotes the opposite sympleti
struture and the isomorphism is given by the Shwartz transform
S((x, y), (ξ, η)) = ((x, ξ), (y,−η))
(see [8℄ for an explanation of this name). This L ⊂ T ∗A×T ∗A∗ is the graph of a sympleto-
morphism L : T ∗A→ T ∗A∗ that an be interpreted as a geometri version of the Legendre
transform. It is given in loal oordinates simply by
((x, v), (p, ξ)) 7−→ ((x,−ξ), (p, v))
Example 3.4.1. Let A = TM , l ∈ C∞(TM) a strongly nondegenerate Lagrangian. Then
the image of TM under −dl : TM → T ∗TM followed by L : T ∗(TM)→ T ∗(T ∗M) oinides
with the image of dh : T ∗M → T ∗(T ∗M), where h is the lassial Legendre transform of l.
What is important for our purposes is that all of the above arries over to super-
manifolds without hange, as long as the funtion f is even, otherwise df is a setion not of
34
T ∗Q but of ΠT ∗Q. On Π(A ⊕A∗) there is a anonial even funtion ev ∈ C∞(Π(A⊕ A∗))
given in loal oordinates by
ev(x, ξ, θ) = ξaθa,
giving rise to a anonial sympletomorphism L : T ∗ΠA→ T ∗ΠA∗ via the above onstru-
tion. In loal oordinates,
L(x, ξ, x∗, ξ∗) = (x, ξ∗, x∗, ξ) (3.12)
In other words, the bre oordinates ξa on ΠA beome onjugate to the bre oordinates
θa on ΠA
∗
, and vie versa. In a way, this loal desription is more illuminating than the
anonial geometri onstrution above, but we hoose to present the geometri onstrution
rather than go through a proof that (3.12) does not depend on a hoie of loal oordinates.
Example 3.4.2. Consider the supermanifold ΠTM and a 2-form ω on M viewed as a
quadrati funtion on ΠTM . If ω is nondegenerate, then the image of ΠTM under dω :
ΠTM → T ∗ΠTM followed by the Legendre transform L : T ∗ΠTM → T ∗ΠT ∗M oinides
with the image of dπ : ΠT ∗M → T ∗ΠT ∗M , where π ∈ C∞(ΠT ∗M) is the bivetor eld
given by the inverse of ω. Indeed, if ω = 12ωab(x)ξ
aξb, then the image of dω in T ∗ΠTM is
given by
x∗c =
∂ω
∂xc
= 12
∂ωab
∂xc
ξaξb
ξ∗c =
∂ω
∂ξc
= ωcb(x)ξ
b
The seond equation an be solved for ξ if and only if ω is nondegenerate, in whih ase
ξa = πab(x)ξ∗b
where πab(x)ωbc(x) = δ
a
c . Applying the Legendre transform (3.12), we get
x∗c =
1
2
∂ωab
∂xc
θa∗θ
b
∗
θc = ωcb(x)θ
b
∗
and
θa∗ = π
ab(x)θb
Setting
−π(x, θ) = ξaθa − ω(x, ξ) = −1
2
πab(x)θaθb
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we get
x∗c =
∂π
∂xc
θc∗ =
∂π
∂θc
Note that here d denotes the deRham dierential of funtions on ΠTM (or ΠT ∗M), not of
forms on M ! Notie also how this example parallels Example 3.4.1.
Let us now derive some properties of the Legendre transform that will be useful in
what follows. We begin by drawing the following diagram:
T ∗ΠA
L−→ T ∗ΠA∗
↓π π¯↓
ΠA ΠA∗
(3.13)
where π and π¯ are the anonial projetions. It is obvious that πA◦π = πA∗◦π¯◦L, where
πA : ΠA → M and πA∗ : ΠA∗ → M are the anonial projetions; therefore, by abstrat
nonsense the diagram above gives rise to a projetion to the bered produt
T ∗ΠA
p−→ Π(A⊕A∗) (3.14)
More speially, if ξ ∈ Γ(A∗) viewed as a linear funtion on ΠA or on Π(A ⊕ A∗), then
p∗ξ = π∗ξ; on the other hand, ξ also gives rise to a vetor eld iξ on ΠA
∗
, the interior
derivative, hene a linear hamiltonian hiξ on T
∗ΠA∗. Similarly, an X ∈ Γ(A) an be viewed
as either a linear funtion on ΠA∗, pulled bak to T ∗ΠA∗, or a vetor eld iX on ΠA lifted
to the hamiltonian hiX on T
∗ΠA. These funtions are related by the Legendre transform,
aording to the following
Lemma 3.4.3. For X ∈ Γ(A), ξ ∈ Γ(A∗),
L∗π¯∗X = hiX
L∗hiξ = π
∗ξ
Proof. If loally X = Xa(x)θa, ξ = fa(x)ξ
a
, then iX = X
a(x) ∂
∂ξa
, hene
hiX = X
a(x)ξ∗a = L
∗(Xa(x)θa) = L
∗π¯∗X
by (3.12), and similarly for ξ.
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In partiular, p∗ξ = π∗ξ, p∗X = L∗π¯∗X = hiX and, of ourse, if f ∈ C∞(M), p∗f =
π∗π∗Af = π¯
∗π∗A∗f . This an be interpreted as follows. On Π(A ⊕ A∗) there is a natural
even Poisson struture given by the anonial inner produt on A⊕A∗. The orresponding
Poisson braket is just the berwise big braket desribed in the beginning of this setion.
The sympleti leaves are the bres that inherit the big braket, so the pullbaks of funtions
on M are the Casimir funtions. We have the following
Corollary 3.4.4. The projetion p (3.14) is a Poisson map.
Proof. Immediate from (2.4) and Lemmas 3.3.1 and 3.4.3.
In other words, T ∗ΠA is a sympleti realization of the Poisson supermanifold Π(A ⊕ A∗).
This fat will be useful in dealing with Courant algebroids. But for now, we need one more
onstrution to be able to deal with the Shouten brakets and Lie bialgebroids.
3.5 Derived brakets
Let (A, [·, ·]A, d) be an even or odd dierential Lie superalgebra. That is,
• A = A0 ⊕A1 is a Z2-graded vetor spae;
• [·, ·]A is skew-symmetri of parity ǫ ∈ Z2, i.e. [Ai,Aj]A ⊂ Ai+j+ǫ and
[a, b]A = −(−1)(a˜+ǫ)(b˜+ǫ)[b, a]A
for all a ∈ Aa˜, b ∈ Ab˜;
• [·, ·]A satises the Jaobi identity
[a, [b, c]A]A = [[a, b]A, c]A + (−1)(a˜+ǫ)(b˜+ǫ)[b, [a, c]A]A
• d : A → A is an odd derivation of [·, ·]A:
d[a, b]A = [da, b]A + (−1)a˜+ǫ[a, db]A
satisfying d2 = 0.
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One denes the derived braket on A as follows:
a ◦d b = [ada, d]b = (−1)a˜+1[da, b]A
where the braket in the middle is the (super)ommutator of derivations of A and ada =
[a, ·]A. The derived braket has parity ǫ + 1. It is not neessarily skew-symmetri; its
skew-symmetrization
[a, b]d =
1
2
(a ◦d b− (−1)(a˜+1)(b˜+1)b ◦d a)
is also sometimes alled the derived braket, but the non skew-symmetri version is, in some
sense, more fundamental and enjoys many nie properties.
1
They are summarized in the
following
Lemma 3.5.1. The derived braket has the following properties:
1. a ◦d (b ◦d c) = (a ◦d b) ◦d c+ (−1)(a˜+ǫ+1)(b˜+ǫ+1)b ◦d (a ◦d c) ∀a, b, c ∈ A.
2. d(a ◦d b) = (da) ◦d b+ (−1)a˜+ǫ+1a ◦d (db) ∀a, b ∈ A.
3. a ◦d b = [a, b]d + (−1)
a˜+ǫ+1
2 d[a, b]A
Proof. A straightforward omputation, arried out in [25℄. Property 1 depends both on the
Jaobi identity for [·, ·]A and d2 = 0.
The rst two properties imply that (A, ◦d, d) is a dierential Leibniz superalgebra in the
sense of Loday [32℄ (they are alled Loday algebras in [25℄). The third property implies that
◦d is skew-symmetri up to a d-oboundary. Notie how these properties resemble some of
the properties of Courant algebroids (Denition 2.6.1 and (2.16)).
Corollary 3.5.2. Let B ⊂ A be an abelian subalgebra (with respet to [·, ·]A) losed under
◦d; then the restrition of ◦d to B is skew-symmetri and (B, [·, ·]d) is a Lie superalgebra of
parity ǫ+ 1; if, moreover, dB ⊂ B, then (B, [·, ·]d, d) is a dierential Lie superalgebra.
Remark. Sometimes A also has a (super)ommutative algebra struture suh that [·, ·]A is
a derivation of the multipliation in eah argument. If ǫ = 0 (i.e. A is an even Poisson
superalgebra), then B beomes an odd Poisson superalgebra, i.e. a Gerstenhaber algebra.
On the other hand, if A is a Gerstenhaber algebra, B is an even Poisson superalgebra [25℄.
1
It is somewhat unfortunate that what we all the derived braket is not denoted by a braket; never-
theless, we feel that the braket notation ought to be reserved for skew-symmetri operations. In [25℄ fd was
used to denote the derived braket regardless of skew-symmetry.
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Example 3.5.3. Consider A = C∞(ΠT ∗M) = Γ(∧TM) = X∗(M), the multivetor elds
on a supermanifold M endowed with the Shouten braket [·, ·]; pik a quadrati funtion
(a bivetor eld) π satisfying [π, π] = 0 and onsider the inner derivation dπ = [π, ·]; A is a
dierential Gerstenhaber algebra. Then B = C∞(M) is an abelian subalgebra of A stable
under dπ, and the derived braket on B
{f, g} = (−1)f˜ [[π, f ], g]
is preisely the Poisson braket generated by the bivetor eld π.
Example 3.5.4. If (g, µ, γ) is a Lie bialgebra, let A = ∧(g ⊕ g∗) with [·, ·]A = {·, ·}, the
big braket. Then ∧g is an abelian subalgebra stable under the dierential {µ, ·}, while ∧g∗
is an abelian subalgebra stable under {γ, ·}. The orresponding derived brakets give the
algebrai Shouten brakets, generalizing the formulas (3.2) [22℄. Notie how the Drinfeld
double braket (3.4) is generated by θ = µ+ γ as a derived braket: although g⊕ g∗ is not
losed under {·, ·}, it is losed under the derived braket.
We will show below that the Shouten brakets assoiated to Lie algebroids, as well
as the Courant braket (2.19), arise in exatly the same way.
3.6 Shouten brakets, Lie bialgebroids and the Drinfeld dou-
ble
The onept of a derived braket enables us to dene the Shouten brakets and
reast the notion of Lie bialgebroid in the supermanifold ontext. Let dA∗ be a homologial
vetor eld on ΠA∗ giving rise to a Lie algebroid struture on A∗ → M ; let γ = hdA∗
be the orresponding linear hamiltonian on T ∗ΠA∗, and onsider its Legendre transform
L∗γ ∈ C∞(T ∗ΠA). By (3.11) and (3.12),
L∗γ = A¯ai(x)x∗i ξ
∗
a −
1
2
ξcC¯abc (x)ξ
∗
aξ
∗
b (3.15)
Remark 3.6.1. Notie that L∗γ is berwise quadrati, i.e. ǫ(L∗γ) = 2; on the other hand,
δ(L∗γ) = 1, so the total degree κ(L∗γ) is again 3. This haraterizes those funtions
on T ∗ΠA that ome from Lie algebroid strutures on A∗. In fat, the grading δ is seen
to orrespond to the momentum grading ǫ∗ on T ∗ΠA∗ under L, whereas the ǫ-grading
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orresponds to δ∗. Thus, the Legendre transform interhanges the ǫ and δ gradings and
preserves the total grading κ.
Sine L is a sympletomorphism, we have
{L∗γ, L∗γ} = L∗{γ, γ} = 0,
hene (C∞(T ∗ΠA), {·, ·}, {L∗γ, ·}) is a dierential Lie superalgebra, and we an onsider
the derived braket. It turns out that the abelian subalgebra π∗C∞(ΠA) is losed under
the derived braket, and the restrition of the derived braket oinides with the Shouten
braket [·, ·]A∗ . More preisely, we have
Lemma 3.6.2. Let ξ, η ∈ C∞(ΠA) = Γ(∧A∗). Then
π∗[ξ, η]A∗ = (−1)ξ˜+1{{L∗γ, π∗ξ}, π∗η}
Proof. The skew-symmetry and derivation property are onsequenes of Corollary 3.5.2.
Hene, we only need to onsider berwise onstant and berwise linear funtions, i.e. ele-
ments of C∞(M) and Γ(A∗). We have:
{{L∗γ, π∗f}, π∗g} = {L∗{γ, π¯∗f}, π∗g} = {L∗{hdA∗ , π¯∗f}, π∗g} =
= {L∗π¯∗dA∗f, π∗g} = L∗{π¯∗dA∗f, π¯∗g} = 0 = π∗[f, g]A∗
for all f, g ∈ C∞(M);
{{L∗γ, π∗ξ}, π∗f} = {L∗{hdA∗ , hiξ}, π∗f} = L∗{h[dA∗ ,iξ], π¯∗f} =
= L∗π¯∗(LA
∗
ξ f) = π
∗(a∗(ξ)f) = π
∗[ξ, f ]A∗
for all f ∈ C∞(M), ξ ∈ Γ(A∗). And nally,
{{L∗γ, π∗ξ}, π∗η} = {L∗{hdA∗ , hiξ}, π∗η} = L∗{h[dA∗ ,iξ], hiη} =
= L∗h[[dA∗ ,iξ],iη ] = L
∗h[LA∗ξ ,iη ]
= L∗hi[ξ,η]A∗
= π∗[ξ, η]A∗
for all ξ, η ∈ Γ(A∗). We have made repeated use of the ommutation relations (2.4), Lemma
3.3.1 and Lemma 3.4.3.
Remark. Of ourse, the same is true for the Shouten braket [·, ·]A assoiated to a Lie
algebroid struture on A, if we use (L−1)∗µ where µ = hdA .
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Example 3.6.3. For any (super)manifold M , a anonial Lie algebroid struture on the
bundle A∗ = TM (Example 2.2.4) is given by the de Rham dierential d on ΠTM . The
orresponding quadrati hamiltonian
L∗hd = θ
a
∗x
∗
a
on T ∗ΠT ∗M generates the Shouten braket of multivetor elds on M as the derived
braket.
Remark 3.6.4. The Shouten braket [·, ·]A∗ on the supermanifold ΠA is an odd Poisson
struture (see Appendix). Examples 3.5.3, 3.5.4 and 3.6.3 are speial ases of the follow-
ing general phenomenon: even Poisson strutures on a supermanifold M are generated by
bivetor elds, i.e. even quadrati hamiltonians on the odd sympleti supermanifold ΠT ∗M ,
whereas odd Poisson strutures are generated by odd quadrati hamiltonians on the even
sympleti supermanifold T ∗M (see the Appendix in [42℄, also [25℄).
We an now prove the following simple haraterization of Lie bialgebroids.
Proposition 3.6.5. A pair (A,A∗) of Lie algebroids in duality is a Lie bialgebroid if and
only if
{µ,L∗γ} = 0, (3.16)
where µ = hdA , γ = hdA∗ .
Proof. We must show that dA is a derivation of [·, ·]A∗ if and only if (3.16) holds. However,
by Lemma 3.3.1 and Lemma 3.6.2, we have
π∗dA[ξ, η]A∗ = {µ, π∗[ξ, η]A∗} = (−1)ξ˜+1{µ, {{L∗γ, π∗ξ}, π∗η}
= (−1)ξ˜+1({{µ, {L∗γ, π∗ξ}}, π∗η}+
+ (−1)ξ˜+1{{L∗γ, π∗ξ}, {µ, π∗η}}) =
= (−1)ξ˜+1({{{µ,L∗γ}, π∗ξ}, π∗η}−
− {{L∗γ, {µ, π∗ξ}}, π∗η}+ (−1)ξ˜+1{{L∗γ, π∗ξ}, π∗dAη}) =
= (−1)ξ˜{{L∗γ, π∗dAξ}, π∗η}+ {{L∗γ, π∗ξ}, π∗dAη}+
+ (−1)ξ˜+1{{{µ,L∗γ}, π∗ξ}, π∗η} =
= π∗([dAξ, η]A∗ + (−1)ξ˜+1[ξ, dAη]A∗)+
+ (−1)ξ˜+1{{{µ,L∗γ}, π∗ξ}, π∗η}
Sine {µ,L∗γ} is berwise quadrati, the seond term in the last expression vanishes if and
only if {µ,L∗γ} = 0. The statement follows by the injetivity of π∗.
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Corollary 3.6.6. (A,A∗) is a Lie bialgebroid if and only if (A∗, A) is.
Proof. The Legendre transform L is a sympletomorphism.
Now set θ = µ+ L∗γ. Clearly, (A,A∗) is a Lie bialgebroid if and only if
{θ, θ} = 0 (3.17)
This motivates the following
Denition 3.6.7. Given a Lie bialgebroid (A,A∗), its Drinfeld double is T ∗ΠA together
with the homologial vetor eld D = {θ, ·}.
Example 3.6.8. If (g, g∗) is a Lie bialgebra, C∞(T ∗Πg) =
∧
(g⊕g∗)∗andD is the Chevalley-
Eilenberg dierential in the standard omplex of the Drinfeld double Lie algebra g⊕g∗ (2.1).
Example 3.6.9. Let A = M ×g be the ation Lie algebroid orresponding to a Lie algebra
ation ρ : g → X(M) (Example 2.2.5). View (A,A∗) as a Lie bialgebroid with the trivial
struture on A∗. Then C∞(T ∗ΠA) = C∞(M) ⊗∧(g ⊕ g∗), and D = {µ, ·} oinides with
the lassial BRST dierential assoiated to the hamiltonian lift of ρ to T ∗M . Indeed, reall
that the lassial BRST dierential d is the sum of the Chevalley-Eilenberg dierential δ
for the Lie algebra g with values in the module ∧g⊗C∞(T ∗M), and the Koszul dierential
∂ for the zero level of the momentum map (in this ase, the ideal generated by the linear
hamiltonians {hρ(X)|X ∈ g}) [27℄. On generators, we have
df(Y ) = {hρ(Y ), π∗f} = π∗ρ(Y )f = π∗dAf(Y )
for f ∈ C∞(M) and for all Y ∈ g. Hene, df = {µ, π∗f};
dξ(X,Y ) = −ξ([X,Y ]) = π∗dAξ(X,Y )
for ξ ∈ g∗ (a onstant setion of A∗). Hene, dξ = {θ, π∗ξ};
dhv(Y ) = {hρ(Y ), hV } = h[ρ(Y ),v]
for any vetor eld v on M . Hene, dhv = h[dA,v] = {µ, hv}; and nally, for X ∈ g,
δX(Y ) = adYX = −[X,Y ]; ∂X = hρ(X)
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so
dX = hρ(X)+ad∗
X
= h[dA,iX ] = {µ, hiX}
where ad∗X is viewed as a vetor eld on Πg. Thus the BRST dierential d oinides with
our dierential {µ, ·}.
Example 3.6.10. Let g be a Lie algebra, then g∗ is a Poisson manifold, with the anonial
linear Poisson struture. Consider the orresponding Lie bialgebroid A = Tg∗ ≃ g∗ × g∗,
A∗ = T ∗g∗ ≃ g∗ × g. Then C∞(T ∗ΠA) = C∞(g∗ ⊕ g) ⊗ ∧(g∗ ⊕ g). A hoie of a basis
{ea} of g and a dual basis {ea} of g∗ gives rise to oordinates (ua, θa) on ΠA and (ua, ξa)
on ΠA∗. Then the dierentials are the deRham dierential
d = θa
∂
∂ua
on ΠA, and the Poisson dierential
dπ = uaC
a
bcξ
b ∂
∂uc
− 1
2
Ccabξ
aξb
∂
∂ξc
where Ccab are the struture onstants of g. Thus,
θ = uaC
a
bcθ
b
∗u
c
∗ −
1
2
Ccabθ
a
∗θ
b
∗θc + θau
a
∗
on T ∗ΠA and
D = {θ, ·} = (θc + uaCabcθb∗) ∂∂uc + (θb∗Cabcθa + uaCacbub∗) ∂∂θc+
+ Ccabu
a
∗θ
b
∗
∂
∂uc
∗
+ (uc∗ − 12Ccabθa∗θb∗) ∂∂θc
∗
Notie that the bre over the origin, given by the equations ua = θa = 0, is a Lagrangian
submanifold F stable under D. The restrition of D to F is
D = Ccabu
a
∗θ
b
∗
∂
∂uc∗
+ (uc∗ −
1
2
Ccabθ
a
∗θ
b
∗)
∂
∂θc∗
The algebra of polynomial funtions on F , isomorphi to Sg∗ ⊗ ∧g∗ = R[ua∗, θa∗ ], is known
as the Weil algebra W (g), while the restrited dierential D above is the Weil dierential.
This is Weil's deRham model for the universal lassifying spae BG, at least when the group
G (whose Lie algebra is g) is ompat [4℄. Its appearane in this ontext is a mystery to us.
Notie, however, that our κ-grading, κ(ua∗) = 2, κ(θ
a
∗) = 1, is onsistent with the grading
in the Weil algebra. Notie also that T ∗ΠA ≃ T ∗F by a Legendre transform; after this
identiation, the full D is just the hamiltonian lift of the Weil dierential.
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3.7 The Courant Algebroid
The Courant algebroid onstruted in [31℄ as the double of a Lie bialgebroid (A,A∗)
(see Example 2.6.7) an be reovered from the supermanifold double (T ∗ΠA,D) via the
derived braket onstrution. We shall view setions of A ⊕ A∗ and funtions on M as
funtions on Π(A⊕A∗) and use the projetion p (see (3.14)).
Theorem 3.7.1. Let (E = A⊕A∗, 〈·, ·〉, ◦, ρ) be as in Example 2.6.7. Then, for any e1, e2 ∈
Γ(E), f ∈ C∞(M) we have
1. p∗〈e1, e2〉 = {p∗e1, p∗e2}
2. p∗Df = Dp∗f = {θ, p∗f}
3. p∗(e1 ◦ e2) = p∗e1 ◦D p∗e2
Proof. (1) is just a restatement of Corollary 3.4.4; (2) follows by omputation:
p∗Df = p∗(dAf + dA∗f) = π∗dAf + L∗π¯∗dA∗f =
= {µ, π∗f}+ L∗{γ, π¯∗f} = {µ+ L∗γ, π∗f} = Dp∗f
(3) takes a bit more work. We have
p∗X ◦D p∗Y = {{µ+ L∗γ, hiX}, hiY } =
= {h[dA,iX ], hiY }+ L∗{{γ, π¯∗X}, π¯∗Y } =
= h[LAX ,iY ]
+ L∗{π¯∗dA∗X, π¯∗Y } =
= hi[X,Y ]A = p
∗[X,Y ]A
for X,Y ∈ Γ(A);
p∗ξ ◦D p∗η = {{µ+ L∗γ, π∗ξ}, π∗η} =
= {{µ, π∗ξ}, π∗η}+ L∗{{γ, hiξ}, hiη} =
= L∗{h[dA∗ ,iξ], hiη} = L∗h[LA∗ξ ,iη] =
= L∗hi[ξ,η]A∗
= π∗[ξ, η]A∗ = p
∗[ξ, η]A∗
for ξ, η ∈ Γ(A∗);
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p∗X ◦D p∗η = {{µ+ L∗γ, hiX}, π∗η} =
= {h[dA,iX ], π∗η}+ L∗{{γ, π¯∗X}, hiη} =
= {hLA
X
, π∗η}+ L∗{π¯∗dA∗X,hiη} =
= π∗LAXη − L∗π¯∗iηdA∗X =
= p∗(LAXη − iηdA∗X)
for X ∈ Γ(A), η ∈ Γ(A∗); and nally,
p∗ξ ◦D p∗Y = {{µ+ L∗γ, π∗ξ}, hiY } =
= {{µ, π∗ξ}, hiY }+ L∗{h[dA∗ ,iξ], π¯∗Y } =
= {π∗dAξ, hiY }+ L∗{hLA∗
ξ
, π¯∗Y } =
= −π∗iY dAξ + L∗π¯∗LA∗ξ Y =
= p∗(−iY dAξ + LA∗ξ Y )
This proves (3). We have made extensive use of the ommutation relations (2.4) and Lemmas
3.3.1 and 3.4.3.
Remark 3.7.2. The Theorem above is true regardless of whether (A,A∗) is a Lie bialgebroid,
i.e. whether (3.17) holds; however, if it is the ase, we an use the dierential Lie superalge-
bra (C∞(T ∗ΠA), {·, ·},D) and its derived braket to prove that (A⊕A∗, 〈·, ·〉, ◦, ρ) atually
is a Courant algebroid, thus reovering the doubling theorem of Liu, Weinstein and Xu:
Theorem 3.7.3. If (A,A∗) is a Lie bialgebroid, then (A⊕A∗, 〈·, ·〉, ◦, ρ) is a Courant alge-
broid.
Proof. We need to verify properties 1-5 of Denition 2.6.1. Sine p is a Poisson map, we
an embed setions of A ⊕ A∗ and funtions on M into C∞(T ∗ΠA) using p∗ as above and
arry out all the omputations up in C∞(T ∗ΠA). We shall identify ei ∈ Γ(A ⊕ A∗) and
f ∈ C∞(M) with their images under p∗.
Now, it follows that properties 1 (the Leibniz-Jaobi identity) and 4 (about the
symmetri part) are just onsequenes of the properties of the derived braket on a dier-
ential Lie superalgebra (Lemma 3.5.1). On the other hand, Property 3,
e1 ◦ fe2 = f(e1 ◦ e2) + (ρ(e1)f)e2
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translates, by Theorem 3.7.1, into
{{θ, e1}, fe2} = {{θ, e1}, f}e2 + f{{θ, e1}, e2},
but this is obvious. Property 5,
ρ(e)〈e1, e2〉 = 〈e ◦ e1, e2〉+ 〈e1, e ◦ e2〉
translates into
{e, {θ, {e1, e2}}} = {{{θ, e}, e1}, e2}+ {e1, {{θ, e}, e2}}
However, by the Jaobi identity for {·, ·},
{e, {θ, {e1, e2}}} = {{e, θ}, {e1, e2}} − {θ, {e, {e1, e2}}} =
= {{{θ, e}, e1}, e2}+ {e1, {{θ, e}, e2}}
sine {e, {e1, e2}} = 0 beause {e1, e2} ∈ C∞(M) is a Casimir funtion for
Π(A⊕A∗). Finally, property 2,
ρ(e1 ◦ e2) = [ρ(e1), ρ(e2)]
when both sides are applied to an arbitrary f ∈ C∞(M) translates into
{{{θ, e1}, e2}, {θ, f}} = {e1, {θ, {e2, {θ, f}}}} − {e2, {θ, {e1, {θ, f}}}}
for all f ∈ C∞(M). Using Jaobi again, we have
−{{e2, {e1, θ}}, {θ, f}} = −{e2, {{e1, θ}, {θ, f}}}+ {{e1, θ}, {e2, {θ, f}}} =
= −{e2, {θ, {e1, {θ, f}}}} − {e2, {e1, {θ, {θ, f}}}}+
+ {θ, {e1, {e2, {θ, f}}}} + {{e1, {θ, {e2, {θ, f}}}} =
= {{e1, {θ, {e2, {θ, f}}}} − {e2, {θ, {e1, {θ, f}}}}
sine {θ, {θ, f}} = 0 by (3.17), while {e1, {e2, {θ, f}}} = 0 sine {e2, {θ, f}} ∈ C∞(M) is a
Casimir funtion on Π(A⊕A∗).
Thus all of the properties of a Courant algebroid are veried. Notie that (3.17)
was only needed to derive properties 1 and 2.
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3.8 Quasi-bialgebroids
The hamiltonian θ we onstruted above was a sum of two terms, µ of bidegree
(1, 2), and L∗γ of bidegree (2, 1), so it has total degree κ(θ) = 3. There is nothing to prevent
us from adding a φ of bidegree (0, 3) and/or a ψ of bidegree (3, 0) to θ, and require that
{θ, θ} = 0.
Denition 3.8.1. A proto-bialgebroid is the supermanifold T ∗ΠA together with a funtion
θ suh that κ(θ) = 3 and {θ, θ} = 0.
Thus, a proto-bialgebroid struture onsists of a vetor eld dA on ΠA, a vetor eld
dA∗ on ΠA
∗
, and two funtions φ ∈ Γ(∧3 A∗) ⊂ C∞(ΠA) and ψ ∈ Γ(∧3 A) ⊂ C∞(ΠA∗).
Then θ = µ + L∗γ + π∗φ + L∗π¯∗ψ, and the equation {θ, θ} = 0 splits aording to the
bigrading into the following ve equations:
1
2{µ, µ}+ {L∗γ, π∗φ} = 0
{µ,L∗γ}+ {π∗φ,L∗π¯∗ψ} = 0
1
2L
∗{γ, γ} + {µ,L∗π¯∗ψ} = 0
{µ, π∗φ} = {γ, π¯∗ψ} = 0
(3.18)
In partiular, dAφ = dA∗ψ = 0 and the Shouten brakets [·, ·]A and [·, ·]A∗ are dened, but
neither dA nor dA∗ square to zero, nor is dA a derivation of [·, ·]A∗ . The defets in all ases
are determined by the above relations.
Nevertheless, sine the Poisson braket on T ∗ΠA has total degree −2, p∗Γ(A ⊕
A∗) will be losed under both the Poisson braket and the derived braket for any proto-
bialgebroid, sine elements of p∗Γ(A⊕ A∗) have total degree 1. Thus, a slight modiation
of Theorem 3.7.1 to inlude φ and ψ, and repeating the argument of Theorem 3.7.3 yields
Theorem 3.8.2. Any proto-bialgebroid struture on T ∗ΠA indues a Courant algebroid
struture on the bundle A⊕A∗ given by
〈X + ξ, Y + η〉 = η(X) + ξ(Y )
(X + ξ) ◦ (Y + η) = ([X,Y ]A + LA∗ξ Y − iηdA∗X − ψ(ξ, η))+
+ ([ξ, η]A∗ + L
A
Xη − iY dAξ − φ(X,Y ))
Df = dAf + dA∗f
where φ is viewed as a bundle map φ :
∧2 A→ A∗ and likewise, ψ : ∧2 A∗ → A.
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We will onsider the speial ase where either φ or ψ is zero, say, ψ = 0. The
equations (3.18) redue to
1
2{µ, µ}+ {L∗γ, φ} = 0
{γ, γ} = 0
{µ,L∗γ} = 0
{µ, φ} = 0
Deiphering these equations we arrive at
Denition 3.8.3. A quasi-Lie bialgebroid struture on (A,A∗) onsists of the following
data:
• A Lie algebroid struture on A∗
• A bundle map a : A→ TM
• A skew-symmetri operation [·, ·]A on Γ(A)
• An element φ ∈ Γ(∧3A∗)
satisfying the following properties:
1. For all X,Y ∈ Γ(A), f ∈ C∞(M),
[X, fY ]A = f [X,Y ]A + (a(X)f)Y
2. For all X,Y ∈ Γ(A),
a([X,Y ]A) = [a(X), a(Y )] + a∗φ(X,Y )
where a∗ is the anhor of the Lie algebroid A
∗
and φ(X,Y ) = iX∧Y φ ∈ Γ(A∗).
3. For all X,Y,Z ∈ Γ(A),
[[X,Y ]A, Z]A + [[Y,Z]A,X]A + [[Z,X]A, Y ]A = dA∗φ(X,Y,Z)+
+φ(dA∗X,Y,Z)− φ(X, dA∗Y,Z) + φ(X,Y, dA∗Z)
where dA∗ is the dierential on Γ(
∧
A) oming from the Lie algebroid struture on
A∗, and φ is viewed as a bundle map
∧4A→ A.
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4. dAφ = 0 where dA is the dierential on Γ(
∧
A∗) oming from the struture (a, [·, ·]A)
on A.
Notie that this is ompletely analogous to Drinfeld's quasi-Lie bialgebras [22℄.
Property 3 above is to be interpreted as a homotopy Jaobi identity for [·, ·]A.
Corollary 3.8.4. A quasi-Lie bialgebroid struture on (A,A∗) gives rise to a Courant al-
gebroid struture on A⊕A∗.
Finally, we will look at an important speial ase of this, exat Courant algebroids,
whih were reently studied and lassied by evera [43℄. A Courant algebroid E is alled
exat if the sequene
0 −→ T ∗M ρ
∗
−→ E ρ−→ TM −→ 0
is exat, where the o-anhor ρ∗ : T ∗M → E is given by
〈ρ∗ξ, e〉 = ξ(ρ(e))
for all ξ ∈ T ∗M , e ∈ E (By Property 4 of Denition 2.6.1, ρ◦ρ∗ = 0 in any Courant
algebroid). Then the image of T ∗M is a Dira subbundle, and the restrition of ◦ to its
setions is identially zero, by Lemma 2.6.2. One then hooses a onnetion on E, i.e.
an isotropi splitting σ : TM → E of the above exat sequene. This is not a problem:
one we have one isotropi subbundle T ∗M , transversal isotropi subbundles are setions
of a bundle over M whose ber is an open ell in the Grassmanian of isotropi subspaes
of half dimension in a pseudo-Eulidean spae of signature zero; the ber is ontratible (it
is dieomorphi to the linear spae of skew-symmetri matries), so setions always exist.
The onnetion σ identies the pseudo-Eulidean vetor bundle E with TM ⊕ T ∗M with
the anonial inner produt. To ompute the Courant braket on E in this identiation,
one looks at the dierene
σ(X) ◦ σ(Y )− σ([X,Y ]) = ρ∗φ(X,Y )
where X,Y are vetor elds; this holds beause σ is a splitting; moreover, using the proper-
ties of a Courant algebroid, one immediately dedues that φ is C∞(M)-linear and ompletely
skew-symmetri, i.e. omes from a 3-form φ ∈ Ω3(M), whih it is appropriate to all the
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urvature of σ. From the Leibniz-Jaobi identity for ◦ (Property 1 of Denition 2.6.1) one
dedues the Bianhi identity
dφ = 0
The Courant braket beomes
(X + ξ) ◦ (Y + η) = [X,Y ] + LXη − iY dξ + φ(X,Y )
where X,Y ∈ X(M), ξ, η ∈ Ω1(M) and φ(X,Y ) = iX∧Y φ ∈ Ω1(M). Thus, any exat
Courant algebroid omes from a quasi-Lie bialgebroid whih is in fat the standard Lie
bialgebroid (TM,T ∗M) with an additional piee of data, the losed 3-form φ whih twists
the standard Courant braket (2.20) on TM ⊕ T ∗M .
One a onnetion σ is hosen, any other one, σ′, diers from σ by the graph of a
2-form ω; its urvature φ′ is related to φ simply by
φ′ = φ+ dω
Therefore, the ohomology lass c = [φ] ∈ H3(M,R) is independent of the hoie of σ and
ompletely determines the Courant algebroid struture on E. It is thus appropriate to all
c = c(E) the harateristi lass of E. This lassiation of exat Courant algebroids is due
to P. evera [43℄.
Example 3.8.5. Let G be a ompat semisimple Lie group, with Lie algebra g and the
Killing form (·, ·). Then Cartan's struture tensor
φ(X,Y,Z) =
1
12
([X,Y ], Z)
is the anonial bi-invariant 3-form on G that gives a non-trivial twisting of the standard
Courant algebroid struture on TG ⊕ T ∗G. This Courant algebroid plays a role in the
reently developed theory of group-valued momentum maps [1℄ [2℄.
It is also well-known thatH3(G,R), whih is generated by [φ], lassies Ka-Moody
entral extensions of the loop algebra Lg [10℄. It is a very interesting question what the above
Courant algebroid has to do with ane Ka-Moody algebras.
Remark 3.8.6. As a nal remark, we note that evera's lassiation of exat Courant alge-
broids is ompletely analogous to the well-known lassiation of entral extensions
0 −→ R −→ E a−→ TM −→ 0
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of vetor elds by funtions. The exat sequene above is known as an Atiyah sequene.
E is then a Lie algebroid, and the kernel of the anhor a is the trivial one-dimensional
vetor bundle. Suh Lie algebroids are lassied by H2(M,R); if the harateristi lass
c(E) is integral, the Atiyah sequene integrates to a prinipal U(1)-bundle P → M and
c(E) = c1(P ) is the rst Chern lass of P . We thus reover the lassiation of omplex line
bundles on M .
Now, the meaning of the integrality of the harateristi lass of an exat Courant
algebroid is still unknown. It is a very interesting question related to the existene of a
global objet for a Courant algebroid, like the prinipal U(1)-bundle above, or its gauge
groupoid. This was posed as an open problem in [31℄, and there is as yet no solution. evera
[43℄ suggests that the answer should ome from Dixmier-Douady gerbes, but no global objet
for gerbes is known, either, nor is there a diret orrespondene between Courant algebroids
and gerbes. Investigating these and related questions are a logial ontinuation of this work.
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Chapter 4
Poisson Cohomology of
SU(2)-ovariant Poisson strutures on
S
2
In this hapter we shall ompute the Poisson ohomology of the one-parameter
family of SU(2)-ovariant Poisson strutures on the homogeneous spae S2 = CP 1 =
SU(2)/U(1), where SU(2) is endowed with its standard Poisson-Lie group struture, thus
extending the result of Ginzburg [17℄ on the Bruhat-Poisson struture whih is a member of
this family. As a orollary of our omputation, we dedue that these strutures are nontriv-
ial deformations of eah other in the diretion of the standard rotation-invariant sympleti
struture on S2; another orollary is that these strutures do not admit resaling.
4.1 Poisson-Lie groups and Poisson ations
Here we briey reall some basi notions of the theory of Poisson-Lie groups that
we will need. For more details the interested reader should onsult [10℄, [21℄, or [33℄.
Notation 4.1.1. Let a Lie group G at on a manifold P. Then eah g ∈ G gives rise to a map
P → P given by p 7→ gp. We shall denote this map as well as its derivatives and their tensor
produts by the same letter g where it does not ause onfusion. Likewise, every p ∈ P
indues a map G → P by g 7→ gp whih, along with its derivatives, we shall denote by p
written on the right of the argument. This will make our notation a lot less umbersome.
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Denition 4.1.2. A Poisson struture π on a Lie group G is alled multipliative if the
group multipliation
m : G×G −→ G
is a Poisson map, where G × G is equipped with the produt Poisson struture. The pair
(G,π) is then alled a Poisson-Lie group.
One heks that the multipliativity ondition is equivalent to the identity
π(gh) = gπ(h) + π(g)h ∀g, h ∈ G (4.1)
In partiular, one has π(e) = 0, so the linearization (intrinsi derivative) of π at e gives a
well-dened obraket σ : g → g ∧ g by
σ(X) = (LXlπ)(e) =
d
dt
∣∣∣∣
t=0
π(exp(tX)) exp(−tX),
where Xl denotes the left-invariant vetor eld orresponding to X ∈ g. The multipliativity
of π (4.1) then implies the oyle property of σ:
σ([X,Y ]) = [X,σ(Y )]− [Y, σ(X)]
On the other hand, the Jaobi identity for π implies that the adjoint of σ,
σ∗ : g∗ ∧ g∗ → g∗ also satises Jaobi, i.e. denes a Lie braket on g∗. Thus, (g, [·, ·], σ) is a
Lie bialgebra (see Setion 2.1) alled the tangent Lie bialgebra of the Poisson-Lie group G.
It an be shown [33℄ that if G is onneted, π is uniquely determined by σ.
It may happen that the oyle σ is a oboundary , that is, there exists an r ∈ g∧g
suh that σ(X) = −[X, r] (always the ase if g is semisimple). Suh an r is alled a lassial
r-matrix. The Jaobi identity for σ∗ is equivalent to the ondition on r that [r, r] ∈ ∧3 g
be ad - invariant (the so-alled Modied Classial Yang-Baxter Equation). Here [·, ·] is the
algebrai Shouten braket of the Lie algebra g (Example 3.5.4). The multipliative Poisson
struture π is given in terms of r by
π(g) = rg − gr, (4.2)
and the orresponding Poisson braket on G is alled the Sklyanin braket.
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Denition 4.1.3. Let a Poisson-Lie group (G,πG) at on a manifold P. We say that a
Poisson struture πP on P is G-ovariant if the ation map
ρ : G× P −→ P
is Poisson, where G × P is equipped with the produt Poisson struture. The ation ρ is
then alled a Poisson ation. If ρ is transitive, (P, πP ) is alled a Poisson homogeneous
spae.
The ovariane ondition is equivalent to the identity
πP (gp) = πG(g)p + gπP (p) ∀g ∈ G, p ∈ P (4.3)
Note that G does not at by Poisson transformations unless πG = 0.
Fat 4.1.4. [21℄ If (G,πG) is a Poisson-Lie group, H ⊂ G a Poisson (or even oisotropi)
subgroup, then there is a unique Poisson struture πP on P = G/H making the anonial
projetion a Poisson map. Moreover, πP is G-ovariant.
So if H is oisotropi, G/H is always a Poisson homogeneous spae; however, the
projetion of πG is in general not the only G-ovariant Poisson struture on G/H: adding
any G-invariant bivetor eld will give another one provided that the sum satises the Jaobi
identity.
4.2 Desription of the Poisson strutures
4.2.1 The lassial r-matrix and the standard Poisson-Lie struture on
SU(2).
The onstrutions below an be arried out for any ompat semisimple Lie group,
but we will only onsider SU(2).
Reall that the Lie algebra su(2) of 2× 2 skew-hermitian traeless matries has a
basis
e1 =
1
2

 i 0
0 −i

 , e2 = 1
2

 0 1
−1 0

 , e3 = 1
2

 0 i
i 0


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with the ommutation relations [eα, eβ ] = ǫαβγeγ , where ǫαβγ is the ompletely skew-
symmetri symbol. The span of e1 is the Cartan subalgebra of a ∈ su(2). Reall also
that
SU(2) =

U =

 u −v¯
v u¯


∣∣∣∣∣∣u, v ∈ C, detU = uu¯+ vv¯ = 1


identies SU(2) with the unit sphere in C2. The standard r-matrix r = e2∧e3 ∈ su(2) ∧ su(2)
denes a multipliative Poisson struture on SU(2) by
πSU(2)(U) = rU − Ur (4.4)
In oordinates,
π



 u −v¯
v u¯



 = 1
4



 v u¯
−u v¯

 ∧

 iv iu¯
iu −iv¯

−

 v¯ u
−u¯ v

 ∧

 −iv¯ iu
iu¯ iv



 =
= −ivv¯ ∂
∂u
∧ ∂
∂u¯
+
1
2
(
iuv
∂
∂u
∧ ∂
∂v
+ iuv
∂
∂u
∧ ∂
∂v
)
+
1
2
(
iuv¯
∂
∂u
∧ ∂
∂v¯
+ iuv¯
∂
∂u
∧ ∂
∂v¯
)
(4.5)
The Poisson brakets are
{u, u¯} = −ivv¯, {u, v} = 12 iuv, {u, v¯} = 12 iuv¯, {v, v¯} = 0
It is easy to see that these formulas in fat dene a smooth real Poisson struture on all of
C
2
that restrits to the unit sphere.
4.2.2 The Bruhat-Poisson struture on CP 1.
The r-matrix is invariant under the ation of the Cartan subalgebra a , sine
[e1, r] = [e1, e2 ∧ e3] = [e1, e2] ∧ e3 − e2 ∧ [e1, e3] = e3 ∧ e3 + e2 ∧ e2 = 0
Hene, the Poisson tensor (4.4) vanishes on the maximal torus (the diagonal subgroup) A =
U(1) ⊂ SU(2). In partiular, U(1) is a Poisson subgroup, and hene πSU(2) desends to the
quotient SU(2)/U(1) = S3/S1 = (C2 \0)/C× = CP 1 = S2. The resulting Poisson struture
π1 on CP
1
is alled the Bruhat-Poisson struture beause its sympleti leaves oinide with
the Bruhat ells in CP 1 [33℄: the base point where π1 vanishes, and the omplementary open
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ell where π1 is invertible. It is SU(2)-ovariant sine πSU(2) is multipliative. It is an easy
alulation to dedue from (4.5) that in the inhomogeneous oordinate hart w = v/u
overing the base point π1 is given by
π1 = −iww¯(1 + ww¯) ∂
∂w
∧ ∂
∂w¯
In partiular, it has a quadrati singularity at w = 0. The other inhomogeneous hart
z = u/v = 1/w gives oordinates on the open sympleti leaf, in whih
π1 = −i(1 + zz¯) ∂
∂z
∧ ∂
∂z¯
The orresponding sympleti 2-form is
ω1 =
idz ∧ dz¯
1 + zz¯
Notie that this sympleti leaf has innite volume.
4.2.3 The other SU(2)-ovariant Poisson strutures on S2.
The dierene between any two SU(2) - ovariant Poisson strutures on CP 1 is an
SU(2) - invariant bivetor eld (by (4.3)) whih is Poisson beause in two dimensions, any
bivetor eld is. Thus, any ovariant struture is obtained by adding an invariant struture
to the Bruhat struture π1. To see what these strutures look like, it is onvenient to embed
the Riemann sphere CP 1as the unit sphere S2 ⊂ R3 by the (inverse of) the stereographi
projetion. The oordinate transformations are given by
x1 =
2x
1+x2+y2
x = x11−x3
x2 =
2y
1+x2+y2
y = x21−x3
x3 =
x2+y2−1
1+x2+y2
x2 + y2 = 1+x31−x3
where z = x+ iy. We shall identify R3 with su(2)∗, with the oadjoint ation of SU(2) by
rotations. Then the linear Poisson struture on R
3 = su(2)∗ is given by
−π = x1 ∂
∂x2
∧ ∂
∂x3
+ x2
∂
∂x3
∧ ∂
∂x1
+ x3
∂
∂x1
∧ ∂
∂x2
whose restrition to the unit sphere (a oadjoint orbit), also denoted by −π, is SU(2) -
invariant and sympleti. Moreover, up to a onstant multiple, π is the only rotation-
invariant Poisson struture on S2: any other invariant struture is of the form π′ = fπ for
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some funtion f , but sine both π and π′ are invariant, so is f , hene f is a onstant. It
follows that there is a one-parameter family of SU(2) - ovariant Poisson strutures of the
form π′ = π1 + απ, α ∈ R; sine π1 = (1 − x3)π (straightforward alulation), all SU(2) -
ovariant strutures are of the form
πc = π1 + (c− 1)π = (c− x3)π, c ∈ R
It follows that πc is sympleti for |c| > 1, Bruhat for c = ±1, while for |c| < 1 πc vanishes
on the irle {x3 = c} and is nonsingular elsewhere; πc thus has two open sympleti leaves
(hemispheres) and a neklae of zero-dimensional sympleti leaves along the irle. It is
these neklae strutures whose Poisson ohomology we shall ompute. Notie that πc and
π−c are isomorphi as Poisson manifolds via x3 7→ −x3.
In the original {w, w¯} - oordinates we have
π = − i
2
(1 + ww¯)2
∂
∂w
∧ ∂
∂w¯
=
1
4
(1 + x2 + y2)2
∂
∂x
∧ ∂
∂y
, (4.6)
πc = π1 + (c− 1)π = − i
2
(1 + ww¯)((c + 1)ww¯ + c− 1) ∂
∂w
∧ ∂
∂w¯
=
=
1
4
(1 + x2 + y2)((c + 1)(x2 + y2) + c− 1) ∂
∂x
∧ ∂
∂y
(4.7)
where w = x+ iy.
4.2.4 Sympleti areas and modular vetor elds.
Before we proeed to ohomology omputations, we shall ompute some invariants
of the strutures πc. For |c| > 1 πc is sympleti, and the only invariant is the sympleti
area. For the other values of c, the areas of the open sympleti leaves are easily seen to be
innite; instead, we will ompute the modular vetor eld of πc with respet to the standard
rotation-invariant volume form ω on S2 (the inverse of π). By elementary alulations we
obtain the following
Lemma 4.2.1. (1) If |c| > 1, the sympleti volume of (S2, πc) is given by
V (c) = 2π ln
c+ 1
c− 1
(2) For all values of c the modular vetor eld with respet to ω is
∆ω = x
∂
∂y
− y ∂
∂x
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Corollary 4.2.2. If |c|, |c′| > 1, πc and πc′ are not isomorphi unless |c| = |c′|.
Corollary 4.2.3. If |c| < 1, the modular lass of πc is nonzero.
Proof. The modular vetor eld ∆ω rotates the neklae, hene annot be Hamiltonian.
In fat, the modular lass of the Bruhat-Poisson strutures π±1 is also nonzero [17℄.
Unfortunately, the modular vetor eld does not help us distinguish the dier-
ent neklae strutures. The restrition of ∆ω to the neklae is independent of ω sine
hanging ω hanges ∆ω by a Hamiltonian vetor eld whih neessarily vanishes along the
neklae, so the period of ∆ω restrited to the neklae is an invariant, but it has the same
value of 2π for all πc. When we ompute the Poisson ohomology of πc we will see a dierent
way to distinguish them.
4.3 Computation of Poisson ohomology
For |c| > 1 πc is sympleti, so its Poisson ohomology is isomorphi to the deRham
ohomology of S2; the Poisson ohomology of the Bruhat-Poisson struture π±1 was worked
out by Ginzburg [17℄. Here we shall ompute the ohomology of the neklae strutures πc
for |c| < 1. Our strategy will be similar to Ginzburg's: rst ompute the ohomology of
the formal neighborhood of the neklae, show that the result is atually valid in a nite
small neighborhood and nally, use a Mayer-Vietoris argument to dedue the global result.
The validity of the Mayer-Vietoris argument for Poisson ohomology omes from the simple
observation that on any Poisson manifold (P, π) the dierential dπ is funtorial with respet
to restritions to open subsets (i.e. a morphism of the sheaves of smooth multivetor elds
on P ).
It will be onvenient to introdue another hange of oordinates:
s = x√
1+x2+y2
t = y√
1+x2+y2
mapping the (x, y)-plane to the open unit disk in the (s, t)-plane. In the new oordinates
πc and π are given by
πc =
1
2
(s2 + t2 − 1− c
2
)
∂
∂s
∧ ∂
∂t
(4.8)
π =
1
4
∂
∂s
∧ ∂
∂t
(4.9)
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and the neklae is the irle of radius R =
√
1−c
2 . Observe that resaling s = αs
′, t = αt′
(α > 0) takes πc with neklae radius R to πc′ with neklae radius R
′ = R/α. But this is
only a loal isomorphism: it does not extend to all of S2 sine it is not a dieomorphism of
the unit disk. In any ase, it shows that all neklae strutures are loally isomorphi, so
for loal omputations we may assume that πc is given in suitable oordinates by
πc =
1
2
(s2 + t2 − 1) ∂
∂s
∧ ∂
∂t
4.3.1 Cohomology of the formal neighborhood of the neklae.
Sine πc is rotation-invariant, we an lift the omputations in the formal neighbor-
hood of the unit irle in the (s, t)-plane to its universal over by introduing ation-angle
oordinates (I, θ):
s =
√
1 + I cos θ t =
√
1 + I sin θ
in whih πc is linear:
πc = I
∂
∂I
∧ ∂
∂θ
Of ourse we will have to restrit attention to multivetor elds whose oeients are peri-
odi in θ. It will be onvenient to think of multivetor elds as funtions on the supermani-
fold with oordinates (I, θ, ξ, η) where ξ=∂I and η=∂θ are Grassmann (antiommuting)
variables. Then πc = Iξη is a funtion and
dπc = [πc, ·] = −Iη
∂
∂I
+ Iξ
∂
∂θ
− ξη ∂
∂ξ
is a (homologial) vetor eld. Sine dπc ommutes with rotations, we an split the omplex
into Fourier modes
X0n = {f(I)einθ}; X1n = {(f(I)ξ + g(I)η)einθ}; X2n = {h(I)ξηeinθ},
where f(I), g(I) and h(I) are formal power series in I. It will be onvenient to treat the
zero and non-zero modes separately; it will turn out that the ohomology is onentrated
entirely in the zero mode.
Case 1. The zero mode (n = 0) onsists of multivetor elds independent of θ, so dπc
beomes
dπc |X0 = −Iη
∂
∂I
+ ηξ
∂
∂ξ
59
whih preserves the degree in I so the omplex X0 splits further into a diret produt of
sub-omplexes X0,m, m ≥ 0 aording to the degree:
0→ X00,m → X10,m → X20,m → 0
These omplexes are very small (X00,m and X
2
0,m are one-dimensional, while X
2
0,m is two-
dimensional) and their ohomology is easy to ompute. For f = cIm ∈ X00,m, dπcf =
−cmImη, while for X = aImξ + bImη ∈ X10,m, dπcX = a(m − 1)Imξη. Therefore, it is
lear that for m > 1 the omplex is ayli. On the other hand, the ohomology of X0,0 is
generated by 1 ∈ X00,0 and η ∈ X10,0, while the ohomology of X0,1 is generated by Iξ ∈ X10,1
and Iξη ∈ X20,1. Putting these together we obtain
H00 = R = span{1}
H10 = R
2 = span{∂θ, I∂I}
H20 = R = span{I∂I ∧ ∂θ}
(4.10)
Case 2. The non-zero modes (n 6= 0). In this ase dπc does not preserve the I-grading
so we'll have to onsider all power series at one. Let
f = (
∑∞
m=0 fmI
m)einθ ∈ X0n
X = (
∑∞
m=0 amI
m)einθξ + (
∑∞
m=0 bmI
m)einθη ∈ X1n
B = (
∑∞
m=0 cmI
m)einθξη ∈ X2n
Then
dπcf = (
∑∞
m=1 infm−1I
m)einθξ + (
∑∞
m=1 mfmI
m)einθη
dπcX = (−a0 +
∑∞
m=1((m− 1)am + inbm−1)Im)einθξη
(and, of ourse, dπcB = 0). We see immediately that dπcf = 0 ⇔ f = 0, hene H0n = {0}.
Moreover, any B is a oboundary:
B = dπc

(
∞∑
m6=1
cm
m− 1I
m)einθξ +
c1
in
einθη


so H0n = {0} as well. Now, X is a oyle if and only if
a0 = b0 = 0
bm = −mam+1in , m ≥ 1
Let fm =
am+1
in
for m ≥ 0, f =∑ fmIm. Then X = dπcf . Hene H1n is also trivial. So for
n 6= 0 Xn is ayli.
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It follows that the Poisson ohomology of the formal neighborhood of the neklae
is as in (4.10).
4.3.2 Justiation for the smooth ase.
To see that the ohomology of a nite small neighborhood of the neklae is the
same as for the formal neighborhood we apply an argument similar to Ginzburg's [17℄. For
eah Fourier mode onsider the following exat sequene of omplexes:
0→ X⋆n,at → X⋆n,smooth → X⋆n,formal → 0
where X⋆n,at onsists of smooth multivetor elds whose oeients vanish along the nek-
lae together with all derivatives. This sequene is exat by a theorem of E. Borel. It sues
to show that the at omplex is ayli. But π#c : X⋆n,at → Ω⋆n,at is an isomorphism sine
the oeient of πc is a polynomial in I, and every at form an be divided by a polyno-
mial with a at result. Furthermore, the at deRham omplex is ayli by the homotopy
invariane of deRham ohomology.
Finally, we observe that a smooth multivetor eld in a neighborhood of the nek-
lae (given by a onvergent Fourier series) is a oboundary if and only if eah mode is,
and the primitives an be hosen so that the resulting series onverges, as an be seen
from the alulations in the previous subsetion (integration an only improve onvergene).
Therefore, the Poisson ohomology of an annular neighborhood U of the neklae is
H0πc(U) = R = span{1}
H1πc(U) = R
2 = span{∂θ, I∂I}
H2πc(U) = R = span{I∂I ∧ ∂θ}
(4.11)
Notie that the generators of H1πc(U) are the rotation ∂θ = s∂t − t∂s (the modular vetor
eld) and the dilation I∂I =
s2+t2−1
2(s2+t2)
(s∂s + t∂t), while the generator of H
2
πc
(U) is πc itself,
so in partiular πc does not admit resalings even loally.
4.3.3 From loal to global ohomology.
We now have all we need to ompute the Poisson ohomology of a neklae Poisson
struture πc on S
2
. Cover S2 by two open sets U and V where U is an annular neighborhood
of the neklae as above, and V is the omplement of the neklae onsisting of two disjoint
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open hemispheres on eah of whih πc is nonsingular, so that the Poisson ohomology of
V and U ∩ V is isomorphi to the deRham ohomology. The short exat Mayer-Vietoris
sequene assoiated to this over
0→ X⋆(S2)→ X⋆(U)⊕ X⋆(V )→ X⋆(U ∩ V )→ 0
leads to a long exat sequene in ohomology:
0 → H0πc(S2) → H0πc(U)⊕H0πc(V ) → H0πc(U ∩ V ) →
→ H1πc(S2) → H1πc(U)⊕H1πc(V ) → H1πc(U ∩ V ) →
→ H2πc(S2) → H2πc(U)⊕H2πc(V ) → H2πc(U ∩ V ) → 0
Now, the rst row is learly exat sine a Casimir funtion on S2 must be onstant on eah
of the two open sympleti leaves omprising V , hene onstant on all of S2 by ontinuity.
On the other hand, H1πc(V ) = H
2
πc(V ) = H
2
πc(U ∩ V ) = {0}. Combining this with (4.11),
we see that what we have left is
R
2
R
2
‖ ‖
0 → H1πc(S2) → H1πc(U)⊕H1πc(V ) → H1πc(U ∩ V ) →
→ H2πc(S2) → H2πc(U)⊕H2πc(V ) → 0
‖
R
Now, on the one hand, we know by Corollary 4.2.3 that H1πc(S
2) is at least one-dimensional;
on the other hand, the restrition of the dilation vetor eld I∂I to U∩V is not Hamiltonian:
it orresponds under π#c to the generator of the rst deRham ohomology of the annulus
diagonally embedded into U ∩ V (a disjoint union of two annuli). It follows that H1πc(S2) is
exatly one-dimensional, while H2πc(S
2) is two-dimensional.
It only remains to identify the generators. H1πc(S
2) is generated by the modular
lass, while one of the generators of H2πc(S
2) is πc itself, sine its lass was shown to be
nontrivial even loally. The other generator is the image of (I∂I ,−I∂I) ∈ H1πc(U ∩V ) under
the onneting homomorphism. This is somewhat unwieldy sine it involves a partition of
unity subordinate to the over {U, V } whih does not yield a lear geometri interpretation
of the generator. Instead, we will show diretly that the standard rotationally invariant
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sympleti Poisson struture π on S2 is nontrivial in H2πc(S
2) and so an be taken as the
seond generator.
Lemma 4.3.1. The lass of the standard SU(2)-invariant Poisson struture π on S2 is
nonzero in H2πc(S
2).
Proof. We will work in oordinates (s, t) on the unit disk in whih π and πc are given,
respetively by (4.9) and(4.8). Loally π is a oboundary whose primitive is given by an
Euler vetor eld E = 12(c−1)(s∂s + t∂t): it's easy to hek that [πc, E] = π. But E does
not extend to a vetor eld on S2 sine it does not behave well at innity, i.e on the unit
irle in the (s, t)-plane. Therefore, to prove that π is globally nontrivial it sues to show
that there does not exist a Poisson vetor eld X suh that E +X is tangent to the unit
irle and the restrition is rotationally invariant. In fat, it sues to show that there is
no Hamiltonian vetor eld Xf suh that E +Xf vanishes on the unit irle (sine we an
always add a multiple of the modular vetor eld to anel the rotation). Assuming that
suh an f exists, we will have, in the polar oordinates s = r cosφ, t = r sinφ :
E +Xf =
1
2(c − 1)r
∂
∂r
+
1
2r
(r2 − 1− c
2
)
(
∂f
∂φ
∂
∂r
− ∂f
∂r
∂
∂φ
)
Upon restrition to r = 1 this beomes
(E +Xf )|r=1 =
(
1
2(c− 1) +
c+ 1
4
∂f
∂φ
∣∣∣∣
r=1
)
∂
∂r
∣∣∣∣
r=1
+
c+ 1
4
∂f
∂r
∣∣∣∣
r=1
∂
∂φ
∣∣∣∣
r=1
In order for this to vanish it is neessary, in partiular, that
∂f
∂φ
∣∣∣
r=1
be a nonzero onstant
whih is impossible sine f is periodi in φ.
We have now arrived at our nal result:
Theorem 4.3.2. The Poisson ohomology of a neklae Poisson struture πc on S
2
is given
as follows:
H0πc(S
2) = R = span{1}
H1πc(S
2) = R = span{∆ω}
H2πc(S
2) = R2 = span{πc, π}
Corollary 4.3.3. πc does not admit innitesimal resaling.
Corollary 4.3.4. The neklae strutures πc and πc′ for c 6= c′ are nontrivial deformations
of eah other.
Proof. πc′ − πc is a nonzero multiple of π but π is nontrivial in H2πc(S2).
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Appendix A
Poisson manifolds and Poisson
ohomology
Denition A.0.5. A Poisson manifold is a manifold P together with an R-bilinear skew-
symmetri operation {·, ·} on C∞(M), alled the Poisson braket, satisfying the following
properties:
• The Leibniz rule: ∀f, g, h ∈ C∞(M),
{f, gh} = {f, g}h + f{g, h}
• The Jaobi identity: ∀f, g, h ∈ C∞(M),
{{f, g}, h} + {{h, f}, g} + {{g, h}, f} = 0
Sine {·, ·} is skew-symmetri and satises the Leibniz rule, there exists a bivetor
eld π ∈ X2(M) = Γ(∧2 TM) suh that
{f, g} = (df ∧ dg)(π)
This bivetor eld is alled the Poisson struture. To express the Jaobi identity in terms
of π, reall that the Shouten braket of multivetor elds is dened as the unique extension
[·, ·] of the ommutator braket of vetor elds and the ation of vetor elds on funtions
to X⋆(M) = Γ(
∧⋆ TM) suh that:
1. [X,Y ] = −(−1)pq[Y,X], for X ∈ Xp+1(M), Y ∈ Xq+1(M),
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2. [X, f ] = X · f for X ∈ X(M), f ∈ C∞(M),
3. If X,Y ∈ X(M), [X,Y ] is the ommutator braket,
4. For X ∈ Xp+1(M), [X, ·] is a derivation of degree p of the exterior multipliation on
X⋆(M).
The Shouten braket satises the graded Jaobi identity
[X, [Y,Z]] = [[X,Y ], Z] + (−1)pq[Y, [X,Z]]
for X ∈ Xp+1(M), Y ∈ Xq+1(M), Z ∈ Xr+1(M). One then heks that the braket on
C∞(M) given by a π ∈ X2(M) satises the Jaobi identity if and only if π satises
[π, π] = 0 (A.1)
A smooth map f : (P1, π1) → (P2, π2) is alled a Poisson map if f∗π1 = π2. The
standard onstrutions suh as Poisson submanifolds and diret produts are dened in an
obvious manner. In terms of the Poisson brakets, a submanifold N ⊂ P is Poisson if and
only if its vanishing ideal IN ⊂ C∞(P ) is a Poisson ideal; if it is merely a Poisson subalgebra,
N is said to be oisotropi.
There are several important geometri objets assoiated with a Poisson bivetor
eld π. First, it gives rise to a bundle map π# : T ∗P → TP given by
< α, π#β >=< α ∧ β, π > for any α, β ∈ T ∗pP. To any funtion f ∈ C∞(P ) one assoiates
its Hamiltonian vetor eld Xf by
Xf · g =< dg,Xf >= {g, f} =< dg, π#df >= [π, f ] · g
The image of π# is a (generally singular) integrable distribution on P . Sine by denition
every Hamiltonian vetor eld is tangent to eah integral submanifold, it follows easily that
the integral submanifolds are Poisson submanifolds of P alled the sympleti leaves of P
beause the restrition of π to eah leaf is nonsingular, hene sympleti. In general the
leaves have dierent dimensions.
A Poisson struture π also gives rise to an operator
dπ : X
⋆ −→ X⋆+1
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on multivetor elds given by dπ(X) = [π,X]. The graded Jaobi identity for the Shouten
braket ombined with (A.1) implies that d2π = 0, making X
⋆
into a omplex. The oho-
mology of this omplex is alled the Poisson ohomology of (P, π), denoted by H⋆π(P ). The
Poisson ohomology in low degrees has a lear geometri interpretation: H0π(P ) is the enter
of the Poisson algebra C∞(P ), onsisting of Casimir funtions, i.e those whose Hamiltonian
vetor elds are trivial; H1π(P ) onsists of innitesimal Poisson automorphisms of P (Poisson
vetor elds) modulo inner automorphisms (Hamiltonian vetor elds); H2π(P ) onsists of
nontrivial innitesimal deformations of π and H3π(P ) houses obstrutions to extending an
innitesimal deformation to a full deformation (see [40℄).
The operator π# : X⋆ → Ω⋆ intertwines dπ and the deRham dierential d, hene
indues a map π# : H⋆π(P ) → H⋆dR(P ) whih is an isomorphism if π is sympleti. In
general, however, Poisson ohomology has been notoriously diult to ompute, and there
have been but a handful of suessful omputations ([17℄,[45℄,[18℄).
For every Poisson manifold there are two Poisson ohomology lasses that are
speial. The rst one is the modular lass, introdued by Weinstein [44℄. Given a Poisson
manifold (P, π) with a volume form ω, Weinstein denes an operator ∆ω on C
∞(P ) that
assoiates to every funtion the divergene of its Hamiltonian vetor eld with respet to ω.
It turns out that ∆ω is in fat a vetor eld alled the modular vetor eld of π with respet
to ω. Moreover, ∆ω preserves π; if ω is replaed by another volume form, ∆ω is hanged by
a Hamiltonian vetor eld. Thus, the lass of ∆ω in H
1
π(P ) is independent of ω; it is alled
the modular lass of (P, π) and measures the obstrution to the existene of a measure on
P invariant under all Poisson automorphisms. It is zero for sympleti manifolds due to the
existene of the Liouville measure.
The seond speial lass is the lass of π itself in H2π(P ). It is the obstrution to
(innitesimal) resaling of π. If it vanishes, π is alled exat and there exists a vetor eld
X suh that LXπ = π. It is alled a Liouville vetor eld. If π is sympleti, the lass of
π orresponds under π# to the lass of the sympleti form ω in the deRham ohomology,
hene it admits innitesimal resaling if and only if ω is exat.
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Appendix B
Supermanifolds
We reall here the rudiments of the theory of supermanifolds that should sue
for the understanding of the material in the main text. For a more thorough introdution
the interested reader should onsult [36℄, [41℄ or [30℄.
B.1 Algebra
The basi setting of supermathematis is the ategory Super of Z2-graded vetor
spaes V = V0 ⊕ V1. The Z2-grading is alled parity. Elements of V0 are alled even, while
elements of V1 are odd ; the parity of an element is denoted by a tilde over it.
If V0 and V1 are nite-dimensional, the dimension of V takes values in Z[Π]/(Π
2−1),
the group ring of Z2, and is denoted by dimV = (dimV0|dimV1). The parity reversion
funtor Π is dened by
(ΠV )0 = V1, (ΠV )1 = V0
All he usual universal onstrutions, suh as the diret sum, tensor produt, duality and
Hom arry over to the Super ategory, with a natural assignment of parity. The notion of
an assoiative algebra in the Super ategory is the usual one, exept that the multipliation
must respet the parity: ViVj ⊂ Vi+j . The ommutator in an assoiative superalgebra is the
superommutator
[a, b] = ab− (−1)a˜b˜ba
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One alls the algebra ommutative if this braket is identially zero.
1
In general, the sign
onvention - introduing (−1)ij whenever two symbols of parities i and j are interhanged
- should be used as a matter of priniple in the Super ategory. Thus, the notions of
symmetri and skew-symmetri must be modied appropriately. An endomorphism D
of V is a derivation if
D(ab) = (Da)b+ (−1)D˜a˜a(Db)
Derivations of any other kind of a bilinear operation are dened analogously.
One denes a Lie superalgebra (of parity ǫ) to be a vetor spae V with a bilin-
ear skew-symmetri operation [·, ·] of parity ǫ (i.e., [Vi, Vj ] ⊂ Vi+j+ǫ) satisfying the Jaobi
identity:
[a, [b, c]] = [[a, b], c] + (−1)(a˜+ǫ)(b˜+ǫ)[b, [a, c]]
The parity reversion funtor Π interhanges the notions of even and odd Lie superalgebras,
so one an always redue to the even ase. If V also has a ommutative multipliation
with respet to whih ada is a derivation (of parity a˜ + ǫ, of ourse), it beomes a Poisson
superalgebra, even or odd. An odd Poisson algebra is also alled a Gerstenhaber algebra.
Various Shouten-like braket strutures enountered in the main text are Gerstenhaber
algebras. It is no longer possible to redue Gerstenhaber algebras to even Poisson algebras
by parity reversion.
B.2 Ane superspaes and superdomains
A funtion of odd variables ξ1, . . . , ξm is an element of the free ommutative algebra
generated by these variables, i.e. the Grassman algebra
∧
(Rm)∗:
f(ξ1, . . . , ξm) = f0 + ξ
µfµ +
1
2
ξµ1ξµ2fµ1µ2 + · · ·+
1
n!
ξµ1 · · · ξµmfµ1...µn
where
fµ1...µk = (−1)σfµσ(1)...µσ(k)
for any permutation σ ∈ Sk. The variables ξµ are to be interpreted as oordinates on the
purely odd ane superspae R
0|m
, whih an be thought of as the result of applying the
1
We try not to abuse the prex super, omitting it whenever it is lear from the ontext that we are
working in the Super ategory.
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parity reversal funtor Π to Rm. More invariantly, one says that the algebra of funtions on
the superspae ΠV is the Grassman algebra
∧
V ∗.
If the oeients in the above expression are themselves smooth funtions of even
variables x1, . . . , xn dened on Rn or an open subset U0 ⊂ Rn, one says that we are given
a funtion on an ane superspae R
n|m
or a superdomain Un|m ⊂ Rn|m. These funtions
form a superommutative algebra whih is just the tensor produt C∞(U0)⊗
∧
(Rm)∗. The
domain U0 is alled the support of U
n|m
and uniquely determines it sine we annot bound
the odd variables. It is often onvenient not to separate the even and odd variables expliitly
but denote them by a olletive symbol {xA} and assign parity to eah index A.
If (t1, . . . , tp, τ1, . . . , τ q) is another set of variables, we an dene a substitution
xa = xa(t, τ) = xa0(t) +
1
2τ
α1τα2xaα1α2(t) + · · ·
ξµ = ξµ(t, τ) = ταξµα(t) +
1
6τ
α1τα2τα3ξµα1α2α3(t) + · · ·
(B.1)
where xα0 (t), . . . are smooth funtions dened on a domain V0 ⊂ Rp, and plug these expression
into any f = f(x, ξ). This is not a problem sine the τ 's are nilpotent.
Example. sin(t+ τ1τ2) = sin t+ τ1τ2 cos t
We interpret suh substitutions as smooth maps V p|q → Um|n. For example, the
inlusion of the support U0 →֒ Un|m is dened by setting all the odd variables to zero. More
formally, the algebras C∞(U0) ⊗
∧
(Rm)∗ form a ategory with morphisms dened by the
substitutions above, and we simply dene the ategory of superdomains to be the opposite
ategory. What makes the whole theory of supermanifolds nontrivial is the possibility of
mixing the even and odd variables by allowing nonlinear terms in (B.1). If V p|q = Un|m
and the substitutions (B.1) are invertible, one an think of (t, τ) as giving a new oordinate
system on Un|m. Thus the domain Un|m is viewed as the intrinsi geometri objet for
whih we an hoose a oordinate representation at will. This is ompletely analogous to
the ordinary, purely even ase, and leads to the onept of a supermanifold.
The derivatives ∂/∂xA are dened in the usual manner, as linear endomorphisms
suh that one has the Leibniz rule
∂(fg)
∂xA
=
∂f
∂xA
g + (−1)A˜f˜f ∂g
∂xA
and
∂xB
∂xA
= δBA
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Then the usual equality of mixed partials holds with appropriate signs,
2
and so does the
inverse funtion theorem: the substitution (B.1) is loally invertible if and only if its Jaobian
matrix is.
The only diulty is the absene of a good notion of points: the only numerial
value an odd variable an be assigned is zero, so the values that an be assigned to funtions
on a superdomain an only determine its support. For this reason we try to formulate all
our statements in terms of the algebra of funtions; whenever we mention points, we mean
running points, i.e., all objets onsidered will be allowed to depend, expliitly or impliitly,
on any number of even and odd parameters.
B.3 Supermanifolds
Smooth supermanifolds are glued together out of domains Un|m in the same way
in whih ordinary manifolds are glued out of oordinate domains. To make this rigorous,
one has to use sheaf theory. One onsiders a loally ringed spae M = (M0,OM ) where
M0 is a topologial spae and OM is a sheaf of superommutative algebras on M0 whose
stalk Ox over eah point x ∈ M0 is loal. A superdomain Un|m = (U0, C∞(U0) ⊗
∧
V ∗)
is suh a spae. A hart on M is, by denition, an isomorphism of loally ringed spaes
φ : V = (V0,OM |V0) → Un|m, where V0 ⊂ M0 is an open subset. One says that M
is a supermanifold if it an be overed by a ountable system of harts, alled an atlas.
Atlases form a direted set under renement, and every atlas is ontained in a maximal one.
Fatoring OM |V0 by its nilradial one gets an atlas on M0 making it a smooth manifold
alled, naturally, the support of M .
The harts φ give a system of loal oordinates on M , allowing us to desribe
supermanifolds and their morphisms in oordinates while making almost no use of sheaves.
Due to the absene of a good notion of points mentioned above, this is the best ourse to
follow. In this way, all the standard onstrutions - produts, o-produts, bered produts,
submanifolds, vetor bundles - arry over to supermanifolds. Thus, a losed submanifold
(or, more generally, a singular subvariety) is loally given by a system of equations: for
example, the support M0 is given by setting all the nilpotents to zero.
Given a supermanifold M , one denes its tangent bundle by giving, for eah hart
2
These are left derivatives. There are also right derivatives, satisfying the Leibniz rule when applied on
the right of the argument. The dierene between the left derivative of a funtion and a right one is only a
sign. Right derivatives are not used in this work.
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(V, {xA}) on M a hart (TV, {xA, x˙A}) on TM suh that under a hange of oordinates
x = x(x′) the veloities transform in the usual way:
x˙A = x˙A
′ ∂xA
∂xA
′
(x′)
Similarly, one denes the otangent bundle T ∗M .
A basi lass of examples of supermanifolds are provided by supermanifolds of the
form ΠA where A is a vetor bundle over an ordinary manifold M0. The struture sheaf of
ΠA is the sheaf of smooth setions of
∧
A∗. Any atlas on M0 gives rise to an atlas on ΠA
with the oordinate transformations inherited from the vetor bundle struture on A. This
atlas is haraterized by the property that the even oordinates transform independently of
the odd ones, while the odd ones transform linearly. Suh atlases are alled simple. The
fundamental lassiation theorem of smooth real supermanifolds (proved independently by
Berezin [9℄, Bahelor [5℄ and Gawedzki [16℄) asserts that any supermanifold M admits a
simple atlas, i.e. globally isomorphi to one of the form ΠA. The bundle A in question
is the normal bundle to the support M0 of M , with the parity in the bres reversed. One
must emphasize, however, that this isomorphism is stritly non-anonial. For example, the
otangent bundle T ∗ΠA, the entral objet in the main text, does not possess a anonial
simple atlas (Remark 3.3.3). The theorem is also false for omplex analyti supermanifolds
[36℄.
B.4 Vetor elds and dierential forms
A vetor eld on a supermanifold is simply a derivation of its algebra of funtions.
Vetor elds on a supermanifold M = (M0,OM ) form a sheaf of left OM -modules. The
Jaobi-Lie braket of vetor elds is just the ommutator of the orresponding derivations:
[X,Y ]f = X(Y f)− (−1)X˜Y˜ Y (Xf)
In loal oordinates, a vetor eld is given by an expression of the form
X = XA(x)
∂
∂xA
= Xa(x, ξ)
∂
∂xa
+Xµ(x, ξ)
∂
∂ξµ
Unlike the even ase, if a vetor eld X is odd, the ondition
[X,X] = 2X2 = 0
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is nontrivial. When it is satised, the vetor eld X is alled homologial beause it endows
the algebra of funtions with the struture of a dierential omplex. Vetor elds on M also
orrespond naturally to berwise linear funtions on T ∗M .
Dierential forms on supermanifolds, as objets suitable for integration, are highly
nontrivial [41℄; however, for our purposes it sues to onsider the simplest lass of dier-
ential forms on M whih are polynomial funtions on ΠTM . A loal oordinate hart {xA}
on M indues a hart {xA, ξA} on ΠTM where ξA = dxA have parity A˜+ 1 and transform
just as the notation suggests. Thus a dierential form M is loally a funtion ω = ω(x, dx),
polynomial in dx. If this restrition is removed, we get the so-alled Bernstein-Leites pseud-
oforms.
Example. ω = e−(dξ)
2
is a pseudoform on R
0|1
.
The degree of ω as a polynomial in dx in general diers from its parity as a funtion
on ΠTM . On ΠTM there is a anonial homologial vetor eld, the de Rham dierential
d = ξA
∂
∂xA
Any vetor eld X on M indues a vetor eld on ΠTM , the interior derivative
iX = (−1)X˜XA ∂
∂ξA
if X = XA ∂
∂xA
, of parity X˜ + 1 and the Lie derivative LX = [d, iX ], of parity X˜ .
B.5 Sympleti and Poisson supermanifolds
A sympleti struture on a supermanifold M is a two-form ω (i.e. a quadrati
funtion on ΠTM),
ω =
1
2
dxAdxBωAB(x) =
1
2
dxadxbωab + dx
adξµωaµ +
1
2
dξµdξνωµν
whih is losed (dω = 0) and nondegenerate (the matrix ωAB is invertible). One distinguishes
even and odd sympleti supermanifolds, depending on the parity of ω. In the even ase,
the nondegeneray of ω is equivalent to the invertibility of the real matries ωab and ωµν ,
after setting the nilpotents to zero. Note that ωab is skew-symmetri while ωµν is symmetri;
the dimension of M in this ase has to be 2n|m, and the signature of ωµν is an invariant.
In the odd ase, the nondegeneray is equivalent to the invertibility of the real matrix ωaµ,
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hene the dimension of M must be n|n. The Darboux theorem holds for supermanifolds
and asserts that ω loally has the standard form
ω = dpadq
a +
1
2
∑
µ
±(dγµ)2
for ω˜ = 0, and
ω = dθadx
a
for ω˜ = 1. Even and odd sympleti supermanifolds have very dierent properties.
For dierential forms there is a natural notion of pullbak, in partiular, restrition
to submanifolds. As usual, one alls a submanifold L of M Lagrangian if the restrition of ω
to L is identially zero and L is of the maximal dimension where it is possible. Lagrangian
submanifolds of an even sympleti supermanifold M2n|m have dimension n|[m/2] (they
may not even exist if the signature of ωµν is nonzero), while those of an odd one M
n|n
have
dimension k|n − k.
Given a funtion f on M , its hamiltonian vetor eld is dened by the formula
iXfω = −df
and for a pair of funtions f, g their Poisson braket is dened by
{f, g} = Xfg
If ω˜ = 0, (C∞(M), {·, ·}) beomes an even Poisson algebra; if ω˜ = 1, a Gerstenhaber algebra.
A typial example of an even sympleti supermanifold is T ∗Q, where Q is a
supermanifold, with the standard sympleti struture
ω = dx∗Adx
A
(the momenta x∗A have the same parity as x
A
), whereas a typial odd sympleti superman-
ifold is ΠT ∗Q with
ω = dθAdx
A
(θ˜A = x˜
A+1). Funtions on ΠT ∗Q oinide with multivetor elds on Q, and the anonial
odd Poisson braket is nothing but the Shouten braket of multivetor elds.
One an similarly introdue even or odd Poisson supermanifolds that are not ne-
essarily sympleti. For example, any Lie algebroid A gives rise to an odd Poisson struture
on ΠA∗ via the generalized Shouten braket, as explained in the main text.
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Remark. Finally, we remark that we have left out the part of the supermanifold theory
that is perhaps the most interesting and dierent from the ordinary manifold ase - the
integration theory. This is only beause it is not used anywhere in the main body of this
work. The interested reader is strongly advised to look in the treatise [41℄ for a thorough
exposition.
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